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WARNING: These notes are informal and we apologize for the inaccuracies, flaws 
and English mistakes that they surely contain. 
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1. Aim and contents of the course (C.B.) 

1.1. Aim of the course. In 1998, M. Harris and R. Taylor and slightly later G. Henniart 

(Uni)) proved the celebrated local Langlands correspondence for GL„ (see the course of Bushnell- 
Henniart for the case n = 2, which was known much earlier). 

Let p be a prime number and K, E two finite extensions of Qp with E "big" (in particular 
containing K). Recently, Schneider and Teitelbaum introduced a theory of locally analytic and 
continuous representations of p-adic groups such as GL„ (K) over E'- vector spaces (see their course 
and also [2D1)- 

The aim of this course is to present some ongoing research on the (quite ambitious) project of 
looking for a "Langlands type local correspondence" between, on the one hand, some continuous 
representations of W^- := Wei\{Qp/K) on n-dimensional S-vector spaces and, on the other hand, 
some continuous representations of GL„(i^') on infinite-dimensional vector spaces (although what 
we are going to study here is rather microscopic with respect to such a programme!). Here and 
throughout, E will always denote the coefficient field of the vector spaces on which the groups act. 
For some technical reasons, we will keep in this course E finite over Qp but will always tacitly 
enlarge it if necessary (which explains the above "big"). 

Example 1.1.1. The case n = 1 is just local class field theory. Let Wk E^ be a continuous 1- 
dimensional representation, then, using the (continuous) reciprocity isomorphism tk ■ — > , 
we deduce a continuous representation — > E^ . 

We would like to extend the case n = 1 to n > 1. One problem is that the category of p- 
adic ( = continuous) finite dimensional representations of W^- or Gk '■= Gal{Qp/K) is BIG, 
even for n = 2. Fontaine has defined important subcategories of p-adic representations of Gk 
called crystalline, semi-stable and de Rham with crystalline C semi-stable C de Rham. They are 
important because they are related to algebraic geometry. Moreover, these categories are now well 
understood. Therefore it seems natural to first look for their counterpart, if any, on the GL„-side. 

In this course, we will do so for n = 2, K = Qp and crystalline representations. As in the £-adic 
case (i.e. the usual local Langlands correspondence), we will have an "F-semi-simplicity" assump- 
tion. We will also need to assume that the Hodge-Tate weights of the 2-dimensional crystalline 
representation are distinct. Finally, mainly for simplicity, we will also add the small assumption 
that the representation is generic (which means that we do not want to be bothered by the trivial 
representation of GL2(Qp); the non-generic cases behave a bit differently because of this represen- 
tation). If / is an eigenform of weight A; > 2 on ri(A^) for some N prime to p, then the p-adic 
representation pj Igq^ of Gqj, associated to / is known to be crystalline generic with Hodge-Tate 
weights (0, k — 1) and is conjectured to be always "F-semi-simple" (and really is if = 2), so these 
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assumptions should not be too restrictive. The case of equal Hodge- Tate weights correspond to 
weight 1 modular forms, that we thus disregard. 

Our basic aim in this course is to define and start studying some p-adic Banach spaces endowed 
with a continuous action of GL2(Qp), together with their locally analytic vectors. These Banach 
will be associated to 2-dimensional "F-semi-simple" generic crystalline representations of Gq^ with 
distinct Hodge- Tate weights. Independently of the quest for a "p-adic Langlands programme", we 
hope that these Banach spaces will also be useful in the future for a "representation theoretic" 
study of the Iwasawa theory of modular forms (see e.g. the end of ^9.2|) . 

1.2. Why Banach spaces? We will focus on Banach spaces rather than on locally analytic rep- 
resentations, although there are some very interesting locally analytic vectors inside the Banach 
(and we will study them). In order to explain why, let us first recall, without proof, some results 
in the classical £-adic case, due to M.-F. Vigneras. 

Recall that, if i is any prime number and is a finite extension of Q^, an iiJ-Banach space is 
a topological ii^-vector space which is complete with respect to the topology given by a norm (we 
don't specify the norm in the data of a Banach space). 

Definition 1.2.1. Let G be a group acting E-linearly on an E-vector space V . We say a norm || • || 
on V is invariant (with respect to G) if \g ■ v\ = \v\ for all g ^ G and v . 

Definition 1.2.2. Let G he a topological group. We call a unitary G-Banach space on E any E- 
Banach space H equipped with an E-linear action of G such that the map G x H ^ H, {g,v) g-v 
(v G H, g & G) is continuous and such that the topology on H is given by an invariant norm. 

Unitary G-Banach spaces on E form an obvious category where the morphisms are the continuous 
^'-linear G-equivariant maps. 

Now, let us assume £ ^ p so that K is p-adic and E is £-adic. 

Definition 1.2.3. A smooth representation of Ghn{K) on an E-vector space vr is said to be integral 
if there exists an invariant norm on tt (with respect to GLn{K)). 

It is easy to see that the absolutely irreducible smooth integral representations of Ghn{K) are 
exactly those absolutely irreducible smooth representations of GLn{K) that correspond, under the 
classical local Langlands correspondence, to those F-semi-simple £-adic representations of Wk that 
extend to Gk (recall that an £-adic representation of Wk on a finite dimensional £'-vector space 
is the same thing by Grothendieck's ^-adic monodromy theorem as a smooth representation of the 
Weil-Deligne group on the same vector space). 

Let TT be a smooth integral representation of GL„(i^) on an i?- vector space and let || • || be an 
invariant norm on vr. Then the completion of vr with respect to || • || is obviously a unitary GL„(i^)- 
Banach space on E. Conversely, let H be a unitary GL„(i^)-Banach space and denote by tt C H 
its subspace of smooth vectors (i.e. vectors fixed by a compact open subgroup of GL„(i^)). Then 
vr is obviously a smooth integral representation of GL„(if). 

Theorem 1.2.4 (M.-F. Vigneras). The functor li i— > vr that associates to a unitary GJ-in{K)- Banach 

space its subspace of smooth vectors induces an equivalence of categories between the category of 
unitary GLn{K) -Banach spaces on E which are topologically of finite length and the category of 
finite length smooth integral representations of GLn{K) on E. An inverse functor ir ^ H is provided 
by the completion with respect to any invariant norm on vr. Moreover, length{Il)= lengthen). 

In particular, all the invariant norms on an integral representation tt of finite length induce the 
same topology (in fact, Vigneras has proved that the lattices {f; S vr | 1^1 < 1} for an invariant 
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norm ||-|| are always finitely generated over 0[GL2(Qp)], and thus are all commensurable). Moreover 
TT is irreducible if and only 11 is topologically irreducible. Thus, we see that the classical local 
Langlands correspondence can be reformulated as a correspondence between (F-semi-simple) i- 
adic representations of Gk and unitary GL„(A')-Banach spaces on finite extensions of that are 
topologically absolutely irreducible. Hence, we could work with Banach spaces in the ^-adic case, 
although everybody agrees that smooth representations are much more convenient to handle than 
Banach spaces. But we know, thanks to Th ll.2.4l that it wouldn't make any difference. 

We look for an analogous picture in the p-adic case, i.e. where E is a finite extension of Qp and 
where the smooth vectors inside the unitary Banach spaces are replaced by the locally analytic 
vectors. However, there is no straightforward generalization of Th il. 2. 4l because: 

1) a strongly admissible locally analytic representation of GL„(if) on E (see the course of Schneider 
and Teitelbaum) can have infinitely many non-equivalent invariant norms (ex: one can prove this 
is the case for the locally algebraic representation Sym*^~^£^^ (S>e Steinberg of GL2(Qp) if /c > 2) 

2) thanks to a theorem of Schneider and Teitelbaum ( |34j ) . we know that if H is a unitary GL„(i^)- 
Banach on E that is admissible (as a representation of some compact open subgroup) with locally 
analytic vectors vr, then length(H) < length(7r) (in fact, unitarity is useless here). However, in 
general, this is only a strict inequality (ex: the continuous Steinberg is topologically irreducible 
whereas the locally analytic Steinberg has length 2). 

So it seems natural in the p-adic case to rather focus on Banach spaces since the number of 
Jordan-Holder factors is smaller. Also, in the crystalline GL2(Qp)-case, we will see that the uni- 
tary GL2(Qp)-Banach spaces are somewhat closer to the Galois representations than their locally 
analytic vectors. 

1.3. Some notations and contents. Here are some notations we will use: p is a prime number, 
Qp an algebraic closure of the field Qp of p-adic rationals, Zp the ring of integers in Qp, Fp its residue 
field and Gq^ the Galois group Gal(Qp/Qp). We denote by e : Gq^ — > the p-adic cyclotomic 
character, unr(x) the unramified character of Qp sending p to x (whatever x is), val the p-adic 
valuation normalized by val(p) = 1 and | • | = pvli(-) the p-adic norm. The inverse of the reciprocity 
map Qp Gq is normalized so that p is sent to a geometric Frobenius. In particular, for x € Qp , 
we have e{x) = x\x\ via this map. We let B(Qp) C GL2(Qp) be the subgroup of upper triangular 
matrices. We will loosely use the same notation for a representation and its underlying iiJ-vector 
space. We will use without comment basics of p-adic functional analysis (jgOj) as well as Schneider 
and Teitelbaum's theory of locally analytic representations and the structure theorem of locally 
analytic principal series for GL2(Qp) f[^.j32j^. 

Here is a rough description of the contents of the course. 

In lectures 2 to 5, the first author will introduce Fontaine's rings IBcris and IB^^j^ and will define 
crystalline and de Rham representations of Gq using the theory of weakly admissible filtered mod- 
ules (this restricted setting will be enough for our purposes). He will give the explicit classification 
of F-semi-simple crystalline representations of Gq^ in dimension 1 and 2 (in higher dimension, it 
becomes more involved). Then he will give a second construction of crystalline representations of 
Gqp using the theory of (99, r)-modules and he will describe the non trivial links between p-adic 
Hodge theory and ((/?, r)-modules. He will then introduce and study the Wach module of a crys- 
talline representation of Gq^ (a "smaller" module than the ((/?, r)-module). These Wach modules 
will be useful in the sequel for the applications to GL2(Qp). 

In lectures 6 to 9, the second author will define and start studying the unitary GL2(Qp)-Banach 
spaces associated to 2-dimensional crystalline representations of Gq^ satisfying the above assump- 
tions (genericity, F-semi-simplicity and distinct Hodge- Tate weights). He will first introduce the 
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necessary material on distributions and functions on Zp (functions of class C, tempered distribu- 
tions of order r, etc.) and will then turn to the definition of the unitary GL2(Qp)-Banach space 
n(y) associated to the (2-dimensional) crystalline representation V. When V is reducible, n(y) is 
admissible, has topological length 2 and is split (as a representation of GL2(Qp)) if and only if V 
is split (as a representation of Gq^). When V is absolutely irreducible, it seems hard to prove any- 
thing on n(y) directly. For instance, it is not even clear in general on its definition that n(y) 7^ 0. 
To study n(y) for V irreducible, one surprisingly needs to use the theory of ((/?, r)-modules for V. 
More precisely, in that case we prove that there is a "canonical" (modulo natural choices) £^-linear 
isomorphism of vector spaces: 

(limL>(F))^ ~ U{V)* 

where DiV) is the ((/9, r)-module attached to ■0 : D{V) DiV) is a certain canonical surjection 
(that will be described), b means "bounded sequences" and n(y)* is the Banach dual of n(y). 
Such an isomorphism (i.e. the link with ((/?, r)-modules) was first found by Colmez (JEI) in the 
case V is irreducible semi-stable non crystalline (and was inspired by work of the second author 
|10j . |llj ) but we won't speak of these cases here. The left hand side of the above isomorphism 
being known to be non zero, we deduce n(y)* 7^ and thus n(y) 7^ 0. The left hand side being 
"irreducible" and "admissible" (what we mean here is explained in the text), we also deduce that 
n(y) is topologically irreducible and admissible as a GL2(Qp)-Banach space. It is hoped that this 
isomorphism will be also useful in the future for a more advanced study of the representations 
n(y), e.g. of their locally analytic vectors and of their reduction modulo the maximal ideal of E. 

Finally, in the last lecture, the first author will state a conjecture (contained in [S]) relating the 
semi-simplifications of n(y) and V modulo the maximal ideal of E and will prove in some cases 
this conjecture using his Wach modules and previous computations of the second author. 

We didn't include all the proofs of all the results stated or used in this text. But we have tried 
to include as many proofs, or sketches of proofs, or examples, or references, as our energy enabled 
us to. We apologize for the proofs that perhaps should be, and are not, in this course. 



2. p-ADic Hodge theory (L.B.) 

The aim of this lecture is to explain what crystalline representations are and to classify them (at 
least in dimensions 1 and 2). Let us start with a p-adic representation V ^ that is a finite dimensional 
i?- vector space endowed with a continuous linear action of the group Gq^ . For the time being, we 
will consider the underlying Qp-vector space of V and p-adic representations will be Qp-vector 
spaces. We want to single out certain subcategories of the category of all p-adic representations. 
There is a general strategy for cutting out subcategories of the category of p-adic representations. 
Suppose that we are given a topological Qp-algebra B which is equipped with a continuous linear 
action of Gq^. We say that V is 5-admissible if B ®q^V = as 5[GQj-modules. The 

set of all B-admissible representations is then a subset of the set of all p-adic representations. 
Furthermore, if B is equipped with extra structures which commute with the action of Gq^ then 
E>B{y) '■= {B fSiQp V)'^^p inherits those structures and provides us with invariants which we can 
use to classify S-admissible representations. In this lecture, we will define a ring of periods Bcris 
which has two extra structures: a filtration and a Frobenius map (p. Hence, a Bcris-admissible 
representation V gives rise to a filtered 93- module Deris (^) and we will see that one can actually 
recover the representation V from Z)cris(^)- 
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2.1. Some rings of periods. Let Cp be the completion of Qp for the p-adic topology and let 

E= lim Cp = {(x(°),x«,---) I = 

xi-*xP 

and let E+ be the set of a; G E such that x^^^ G Ocp- If x = (x^*)) and y = (y^*^) are two elements 
of E, we define their sum x + y and their product xy by: 

(x + = hm + y(-^+^Y and {xyf^ = x^^y^^, 

which makes E into a field of characteristic p. If x = (x'^"'))„>o G E, let ve{x) = Vp{x^^^). This is a 
valuation on E for which E is complete; the ring of integers of E is E"*". 

Let e = (e*^*)) G IE+ where e^^^ = 1 and e^'^ is a primitive pHh root of 1. It is easy to see that 
Fp((e — 1)) C E = E+[(e — 1)~^] and one can show that E is a field which is the completion of the 
algebraic (non-separable!) closure of Fp((e — 1)), so it is really a familiar object. 

Let A"*" be the ring 1^(E+) of Witt vectors with coefficients in E+ and let 

B+ = A+[l/p] = { P'M Xk G E+} 

where [x] G A"^ is the Teichmiiller lift of x G E+. The topology of A+ is defined by taking the 
collection of open sets {{[tt]^ ,p"')A'^}k,n>o as a family of neighborhoods of 0, so that the natural 
map Yl IE"*" — A+ which to {xk)k assigns J2p'^[xk] is a homeomorphism when E+ is given its valued 
field topology. This is not the p-adic topology of A"*", which makes the map (xfe)^ i— Ylp'^l^k] 
homeomorphism when E"*" is given the discrete topology. 

The ring B"*" is endowed with a map 6 : B"^ — > Cp defined by the formula 

\fc>-oo / A;>-oo 

The absolute Probenius : E+ ^ E+ lifts by functoriality of Witt vectors to a map tp : B+ — B+ . 

It's easy to see that fC^p^lxk]) = l^p'^lx^] and that ip is bijective. 

Recall that e = (e(*))j>o G E+ where e^*) is as above, and define tt = [e] — 1, vri = [e^/^] — 1, 
oj = tt/tti and q = ip{(jj) = lp{tt)/'k. One can easily show that ker(0 : A+ — > Ocp) is the principal 
ideal generated by u. 

Here is a simple proof: obviously, the kernel of the induced map : E"*" Oc^/p is the ideal of 
X G E+ such that ve{x) > 1. Let y be any element of A+ killed by 9 whose reduction modulo p 
satisfies VE{y) = 1- The map yA"*" — > ker(0) is then injective, and surjective modulo p; since both 
sides are complete for the p-adic topology, it is an isomorphism. Now, we just need to observe that 
the element uj is killed by 6 and that ve{uj) = 1- 

2.2. The rings Bcris and B(Jr. Using this we can define B^r; let Bjj^ be the ring obtained by 
completing B+ for the ker(0)-adic topology, so that 

B+p = lim B+/(ker(g)r. 

n 

In particular, since ker{6) = (to), every element x G Bjj^ can be written (in many ways) as a sum 
X = Yln=oXn'^"' with x„ G B"*". The ring B^^ is then naturally a Qp-algebra. Let us construct an 
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interesting element of this ring; since ^(1 — [e]) = 0, the element 1 — [e] is "small" for the topology 
of B^j^ and the following series 

(1 - Mr 

^ n 

n=l 

will converge in B^j^, to an element which we call t. Of course, one should think of i as t = log([e]). 
For instance, if 5 G Gq^, then 

g{t) = <7(log([e])) = log(b(6(°), e(i), • ••)]) = log([e^(^)]) = eig)t 

so that t is a "period" for the cyclotomic character e. 

We now set B^r = B^j^[l/t], which is a field that we endow with the filtration defined by 
FiFBdR = i*B^j^. This is the natural filtration on B^r coming from the fact that B^j^ is a complete 
discrete valuation ring. By functoriality, all the rings we have defined are equipped with a continuous 

linear action of G^p. One can show that B^j^'' = Qp, so that if F is a p-adic representation, then 
DdR(F) = (BdR (8)Qj, V)'^'ip is naturally a filtered Qp-vector space. Note that dimQ^(D^^(V)) < 
d = dimQp(F) in general. 

Definition 2.2.1. We say that V is de Rham if dimq^ -DdR(^) = d. 

If y is a de Rham representation, the Hodge-Tate weights of V are the integers h such that 
Fir''L>dR(^^) / Fir'*+^L>dR(V). The multiplicity of h is dimFir''DdR(V^)/Fir''+^L>dR(^) so 
that V has d Hodgc-Tate weights. 

One unfortunate feature of B^j^ is that it is too coarse a ring: there is no natural extension of 
the natural Probenius : B"*" — B+ to a continuous map if : B^j^ ^dR- -^^^ example, if p G 
is an element such that p^^^ = p, then 6{\p^^^] — p) ^ 0, so that [p^^^] — p is invertible in B^j^, and 
so — p) G B^pj^. But if (/? is a natural extension of (p : B"*" B"*", then one should have 

ip{l/{\p^/P] -p)) = l/{[p\ -p), and since (9([p] - p) = 0, l/([p] - p) i B+^. One would still like 
to have a Frobenius map, and there is a natural way to complete B"*" (where one avoids inverting 
elements like \p^f^\ — p) such that the completion is still endowed with a Probenius map. 

Recall that the topology of B"*" is defined by taking the collection of open sets {{^]^ ■,p^)^'^}k,n>Q 
as a family of neighborhoods of 0. The ring B^j^ is defined as being 

^cris ~ '^■n — T where a„ G B"^ is sequence converging to 0}, 
n>o 

andBcris = B+iJl/t]. 

One could replace uj by any generator of ker(^?) in A+. The ring Bcj-is injects canonically into 
BdR (Bj}j,jg is naturally defined as a subset of B^j^) and, in particular, it is endowed with the 
induced Galois action and filtration, as well as with a continuous Probenius extending the map 
if : B+. For example, f{t) = pt. Let us point out once again that does not extend 

continuously to BdR. One also sets Bt^ = n+^</j"(B+.J. 

Definition 2.2.2. We say that a representation V of Gq^, is crystalline if it is ^Qj-jg- admissible. 

Note that V is crystalline if and only if it is B^g[l/t]-admissible (the periods of crystalline 
representations live in finite dimensional Qp-vector subspaces of Bcris, stable by and so in fact 
in n^^</?"(B^jg)[l/t]); this is equivalent to requiring that the Qp-vector space 

DcrUV) = (Boris Vf^P = (B^^giV*] ®Qp Vf""" 
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be of dimension d = AmiQ^(y). Then Dcris(^) is endowed with a Frobenius ip induced by that 
of Bcris and (BdR \/)^Qp = Z)dR(^) = -C>cris(^) so that a crystalhne representation is also de 
Rham and -Deris (^) is a filtered Qp-vector space. 

If V is an £'-linear representation, then we can do the above constructions (of -Deris (^) and 
-DdR(^)) by considering F as a Qp-linear representation, and then one can check that -Deris(l^) 
and D^jiiy) are themselves .E-vector spaces and that: (1) if : .Deris(^) — >■ -Deris(^) is -E-linear 
(2) the filtration on D^ji{V) is given by -B-vector spaces. The Hodge- Tate weights of V are then 
by convention taken to be with multiplicity dim£;Fil~''-DdR(y)/Fil~^"'~^ -DdR(F) and so V has 
dim.E{V) Hodge- Tate weights. 

Remark: one can also define a ring Bgt and study semistable representations, but we will not do 
so in this course. 

2.3. Crystalline representations in dimensions 1 and 2. It is not true that every filtered 
(/9-module D over E arises as the -Deris of some crystalline representation V. If -D is a filtered 
</?-module of dimension 1, and e is some basis, define ti\f{D) as the valuation of the coefficient of 
(p in that basis. Define ij^(-D) as the largest integer h such that Fil^.D 7^ 0. If .D is a filtered 
93-module of dimension > 1, define tp^{D) := t7v(det-D) and tniD) := tjy(det-D). Note that if 
D = -Deris (^), then tniD) is minus the sum of the Hodge- Tate weights. We say that D is an 
admissible filtered ip-module if tAf(-D) = tniD) and if for every subspace D' of D stable under 93, 
we have tAr(D>') - t/fp') > 0. 

One can prove that if y is a crystalline representation, then the filtered ip-module -Deris is 
admissible and conversely, Colmez and Fontaine proved the following (cf '17'): 

Theorem 2.3.1. If D is admissible, then there exists a crystalline representation V of Gq^ such 
that .Deris(y) = -D. The functor V 1— > -Deris(y) is then an equivalence of categories, from the 
category of E -linear crystalline representations to the category of filtered ip-modules over E. 

This allows us to make a list of all crystalline representations: we just have to make a list of all 
possible admissible filtered (/7-modules. We will now do this in dimensions 1 and 2. Let D = -Deris (1^) 
be an admissible filtered (/j-module. 

If dimE(-D) = 1 we can write D = E ■ e where (/^(e) = p"Ae with A G 0* and if h is the Hodge- 
Tate weight of V, then Fil"''(-D) = D and Fil"^+^(-D) = 0. The admissibility condition in this 
case is nothing more than n = —h. We can then explicitly describe the representation V. Let nx 
be the unramified character of Gq^ sending a to A. One can then check that V = e^fi\. If A = 1 
and E = Qp, then y = e" is called Qp(ra) and it has the following property: if F is a de Rham 
representation with Hodge- Tate weights hi,-- - ,hd, then V{n) := V (^q^ Qpin) has Hodge- Tate 
weights hi + n, - - - ,hd + n. The representation V{n) is called a twist of V . 

If dim£;(-D) = 2 we can once again make a list of the possible -D's. However, we won't be able to 
make a list of the corresponding V^s because in general, it's very hard to give "explicitly" a p-adic 
representation. This is why the theory of filtered (/9-modules is so useful. 

Given a crystalline representation V , we can always twist it by a suitable power of the cyclotomic 
character, so that its Hodge- Tate weights are 0, A; — 1 with /c > 1, so now we assume this. Suppose 
furthermore that the Hodge- Tate weights of V are distinct, so that k > 2, and that : -D — > -D is 
semi-simple (as we said in the introduction, we're only interested in those cases). 

We can then enlarge E enough so that it contains the eigenvalues of which we will call 
and (5~^. We then have D = Eca © Eep with ip{ea) = a~^ea and ^p{ep) = (3~^efs. If a = (3, we 
choose any basis of D. 
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We have tniD) = —{k — 1) and tj<j{D) = — val(a) — val(/3) so if D is admissible, then val(Q;) + 
val(/3) = k — 1. But this is not the only condition. The filtration on D is given as follows: F'lV D 
is if i < -{k - 1), it's a line A = E6 if -{k - 2) < i < and it's if i > 1 (by definition of the 
Hodge- Tate weights). Note in particular that tniea) and tniep) are both either —{k — 1) or 0. 

The admissibility condition says that — val(a) = ti^{ea) > tniea) ^ —{k — 1) and similarly 
for val(/3). This implies that (A; — 1) > val(a) > and {k — 1) > val(/3) > 0. Suppose that 
val(/3) < val(a) (switch a and f3 if necessary). There are three cases to consider. 

(1) < val(/?) < val(Q;). If 6 were or ep, then A would be a sub-^j-module of D and the 
admissibility condition says that — val(Q;) or — val(/3) should be > tniS) = which is a 
contradiction. Therefore 5 cannot be nor e^. In particular, this implies that a ^ /3. We 
can then rescale and ep so that 5 = + e^. 

(2) val(/3) = and val(a) = (A; — 1). Then S can be or (up to rescaling as previously) 

+ 6/3- Suppose it is + e^j. Then Eca is a subobject of D which is itself admissible, so 
it corresponds to a subrepresentation of V so that V is reducible. It is however non-split, 
because D has no other admissible subobjects. 

(3) val(/3) = and val(a) = (A; — 1) and S = ep. In this case, D is the direct sum of the two 
admissible objects Eca and Eep and so V is the direct sum of an unramified representation 
and another unramified representation twisted by Q_p{k — 1). 

As an exercise, one can classify the remaining cases (when A; = 1 or is not semisimple). Finally, 
note that in the special case a + /? = 0, it is possible to give an "explicit" description of V. 

To conclude this section, we note that if 1/ is a representation which comes from a modular form, 
whose level N is not divisible by p, then V is crystalline and we know exactly what -Deris (1^) is in 
terms of the modular form. This makes the approach via filtered (p-modules especially interesting 
for concrete applications. 

3. (99, r)-MODULES (L.B.) 

In this lecture, we will explain what (99, r)-modules are. The idea is similar to the one from the 
previous lecture: we construct a ring of periods and we use it to classify representations. In this 
case, we can classify all p-adic representations, as well as the GQ^-stable 0-lattices in them. The 
objects we use for this classification (the (99, r)-modulcs) arc unfortunately much more complicated 
than filtered <y9-modules and not very well understood. In the next lecture, we will explain the 
links between the theory of filtered (^-modules and the theory of ((/?, r)-modules for crystalline 
representations. 

Once more, we will deal with Qp-linear representations and then at the end say what happens 
for i?- linear ones (the advantage of doing this is that we can avoid an "extra layer" of notations). 

3.1. Some more rings of periods. Let us go back to the field E which was defined in the previous 
lecture. As we pointed out then, E contains Ep((e — 1)) and is actually isomorphic to the completion 
of Fp((e — 1))'*'^. Let E be the separable closure of Fp((e — 1)) (warning: not the completion of the 
separable closure, which by a theorem of Ax is actually equal to E) and write Eqj, for Fp((e — 1)) 
(the reason for this terminology will be clearer later on). Write Ge for the Galois group Gal(E/EQp) 
(a more correct notation for Ge would be Geq^ but this is a bit awkward). 

Let U be an Fp-representation of Ge, that is a finite dimensional {=d) F^-vector space U with a 
continuous linear action of Ge. Since [/" is a finite set, this means that Ge acts through an open 
subgroup. We can therefore apply "Hilbert 90" which tells us that the E-representation E U is 
isomorphic to E*^ and therefore that D{U) := (E(8)Fj, U)^^ is a d-dimensional EQ^-vector space and 
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that E Cgipp [7 = E ^Eq^ D{U). In addition, D{U) is a ip-module over Eq^, meaning a vector space 
over Eqp with a semihnear Frobenius 99 such that (p*D(U) = D{U). 

It is therefore possible to recover U from -D(C/) by the formula U = (E^e^^ D{U))^^^ and as a 
consequence, we get the following standard theorem going back at least to Katz: 

Theorem 3.1.1. The functor U 1— > D{U) is an equivalence of categories from the category of 
¥ p-representations o/Ge to the category of -modules oiierEQ^. 

Now let be the p-adic completion of Zp[[X]][l/X] inside A where we have written X for 
vr = [e] — 1. We can identify Aq^ with the set of power series X]£-oo where a-i E Zp and 
a-i — > as z — > cxD. The ring Aq^ is a Cohen ring for Eq^. In particular, Bq^ = Kq^[1/p\ is a field 

and we let B denote the p-adic completion of the maximal unramified extension of Bq^ in B so that 
A = B n A is a Cohen ring for E. 

Let T be a Zp-representation of Ge, that is a finite type Zp-module with a continuous linear 
action of Ge- We can lift the equivalence of categories given by theorem l3.1.1l to get the following 
one: the functor T ^ D{T) := (A T)'^^ is an equivalence of categories from the category of 
Zp-representations of Ge to the category of (/^-modules over Aq^. 

Finally, by inverting p we get: 

Theorem 3.1.2. The functor V ^ D{V) := (B V)'^^ is an equivalence of categories from the 
category of Qp-representations of Ge to the category of etale (p-modules over Mq^. 

Notice the appearance of "etale" in the last statement. We say that a (^-module D over Bq^ 
is etale if we can write D = Mq^ '^^Qp ^0 where Dq is a 93-module over Aq^ (which includes the 
requirement ^p*Dq = Dq). 

This way, we have a convenient way of studying representations of Ge using (y9-modules over 
various rings. In the next paragraph, we will answer the question: what does this have to do 
with representations of Gq^? The answer is given by an amazing construction of Fontaine and 
Wintenberger. 

3.2. The theory of the field of norms. Recall that we have chosen a primitive p"th root of 
unity e(") for every n. Set F„ = Qp(e(")) and Foo = Un>oFn. The Galois group Tq^ of Foo/Qp 
is isomorphic to Z* (by the cyclotomic character). In this paragraph, we will explain a striking 
relation between Hq^, the Galois group of Qp/Foo and Ge the Galois group of E/Eq^. Indeed, 
Fontaine and Wintenberger proved that we have a natural isomorphism Hq^^ ~ Ge. We will now 
recall the main points of their construction. 

Let K he a finite extension of Qp and let Kn = -fC(e^"^) as above. Let Mk be the set lim Kn 

where the transition maps are given by Nx^/Kn^x ) so that Mk is the set of sequences {x^^^ , x^^^ , • " " ) 
with x^""^ G Kn and Nx^/Xn^-xi^^""^) = x^'^^^\ If we define a ring structure on Mk by 

(xy)W=x(")yW and (x + = ^hm^iV^„^,„/^„(x(-+™) + 

then Mk is actually a field, called the field of norms of Kao/K. It is naturally endowed with 
an action of Hk- Furthermore, for every finite Galois extension L/K^ Ml/Mk is a finite Galois 
extension whose Galois group is Gal(Loo/i^oo), and every finite Galois extension of Mk is of this 
kind so that the absolute Galois group of Mk is naturally isomorphic to Hk- 

We will now describe Mq^. There is a map Mq^ — > E which sends (x^")) to (y^^^) where y^*^-* = 
lim(x("'"'"™''')^'" and it is possible to show that this map is a ring homomorphism and defines an 
isomorphism from Mq^ to Eq^ (the point is that by ramification theory, the Nk^/k^-i maps are 
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pretty close to the x map). As a consequence of this and similar statements for the A/^'s, we 

see that there is a natural bijection between separable extensions of A/q^ and separable extensions 
of EQp. Finally, we get out of this that Hq^ ~ Ge- 

Let us now go back to the main results of the previous paragraph: we constructed an equivalence 
of categories from the category of Zp-representations of Ge to the category of 93-modules over Aq^ 
and by inverting p an equivalence of categories from the category of Qp-representations of Ge to 
the category of etale (^-modules over Bq^. Since Hq^ ~ Ge, we get equivalences of categories from 
the category of Zp-representations (resp. Qp-representations) of Hq^ to the category of (^-modules 
over (resp over Bq^). 

Finally, if we start with a Zp-representation or Qp-representation of Gq^, then what we get is 
a 93-module over Aq^ (resp over Bq^) which has a residual action of Gq^^/Hq^ ~ Fq^. This is an 
etale ((/9, F)-module: it is a module over Aq^ (resp over Bq^) with a Frobenius ip (required to be 
etale) and an action of Fq^ which commutes with ip. Note that on Aq^, we have 

^[X) = ^i[e]-l) = {[eP]-l) = {l+Xr-l 

and also 

7(X) = 7([6] - 1) = ([e^(^)] -!) = (! + X)-^ - 1. 

Theorem 3.2.1. The functors T ^ D{T) and V ^ D{V) are equivalences of categories from the 
category of Zp-representations (resp. Qp-representations) of Gq^ to the category of etale (93, F)- 
modules over Aq^ (resp over Mq^). 

This theorem is proved in |22i, in pretty much the way which we recalled. 

Example 3.2.2. For example, let V = Qp(r) = Qp • e,.. The restriction ofV to Hq^ is trivial, so 
the underlying Lp-module of V is trivial: D(y) = Bq^ • Cr and ip{er) = Cr- The action 0/ Fq^ is 
then given by j{er) = £(7)^6^. In the lecture on Wach modules, we will see non-trivial examples of 
{(f, V)-modules. 

To conclude this paragraph, note that if is a finite extension of Qp, and V is an £'-linear 
representation (or T is an 0-representation) then DiV) (resp D(T)) is a (y^, F)-module over E<Siq^ 
Bqp (resp ^Qp) and the resulting functors are again equivalences of categories. 

3.3. {ip, F)-modules and the operator ip. Let y be a p-adic representation of Gqp and let T be 

a lattice of V (meaning that T is a free Zp- module of rank d = dimQp(y) such that V = Qp T 
and such that T is stable under Gqj,). 

In this paragraph, we will introduce an operator -i/' : D{T) — > D{T) which will play a fundamental 
role in the sequel. Note that : B — > B is not surjective, actually M/ip{M) is an extension of degree 
p of local fields, whose residual extension is purely inseparable. This makes it possible to define a 
left inverse ip of if hy the formula: 

(fiipix)) = ^Tr^/^(M){x) 

and then some ramification theory shows that ^(A) C A. Obviously, ip{(p{x)) = x and more 
generally 'ilj{Xip{x)) = 'ip{X)x, and also ip commutes with the action of Gq^ on B. Therefore, we 
get an induced map ip : D{T) — > D[T) which is a left inverse for ip. One can give a slightly more 
explicit description of ip. Given y G D(T), there exist uniquely determined yo,- " ^Up-i such that 
y = YaZo ^{yi)^^ + and then ip{y) = yo. Finally, if y = y{X) G Aq^, we can give a slight 
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variant of the definition of 'i/'- 

^ r]P=l 

The Zp-module D{T)^^^ wiU be of particular importance to us. It turns out to be of independent 
interest in Iwasawa theory. Indeed, it is possible to give explicit maps h\ : D{T)^^^ H^{Fn,T) 
for all n > 0, and these maps are compatible with each other and corestriction (meaning that 
coTp^^-^^/p^ °^n+i = ^n) ^^^^ '^^ ^ map D{T)^^^ — > lim H^[Fn,T) and this map is, by a the- 
orem of Fontaine, an isomorphism. The Zp[[rQp]] -module lim H^{Fn,T) is denoted by H^^{Qp, T) 
and is called the Iwasawa cohomology of T. Explaining this further is beyond the scope of the 
course, but it is an important application of the theory of (93, r)-modules. One use we will make of 
the previous discussion is the following: for any T, D{T)^^^ {0} (see cor ollar v 19 . 2 . 31 for another 
application). Indeed, in Iwasawa theory one proves that Hj^{Qp,T) is a Zp[[r(Qp]]-module whose 
torsion free part is of rank rk^^ (T) . 

Note that in a different direction, Cherbonnier and Colmez have proved that D(T)^^^ contains 
a basis of D[T) on Aq^. We see that therefore, the kernel of 1 — ^/^ on D{T) is rather large. On 
the other hand, Cherbonnier and Colmez have proved that D{T)/{\ — ijj) is very small: indeed, if 
V has no quotient of dimension 1, then D{T)/{1 — ip) is finite (and so D{V)/{1 — tp) = 0). The 
reason is that we have an identification D{T)/{1 — ip) = Hj^{Qp,T). We will use this to prove the 
following proposition due to Colmez which will be useful later on: 

Proposition 3.3.1. Let V be an E -linear representation such that Qp V has no quotient of 
dimension 1. If P £ E[X], then P{ip) : D{V) — > D{V) is surjective. 

Proof. By enlarging E if necessary, we can assume that P{X) splits completely in E and so we 
only need to show the proposition when P{X) = X — a with a €z E. There are several cases to 
consider: 

(1) a = 0. In this case for any x G DiV), we can write x = jp{ip{x)). 

(2) Vp{a) < 0. In this case, we use the fact that D{T) is preserved by tp so that the series 
(l — a^^ip)^^ = l+a^^ip+la^^tp)'^ + ■ ■ ■ converges and since {'ip — a)~^ = —a~^{l — a~^ilj)~^ 
we're done. 

(3) Vp{a) > 0. By the same argument as the previous one, (1 — a^p)^^ converges on D{V). If 
X G D{V), we can therefore write f{x) = (1 — aip)y and taking ^p, we get x = {ip — a)y. 

(4) Vp{a) = 0. Let //q, be the unramified character sending the frobenius to a. Then D{V)/{^p — 
a) = D{V (81 ^a) /{l — ^p) and as we have recalled above, D{V fia) /{^ — "P) = if Qp V 
has no quotient of dimension 1. 

□ 



4. (99, r)-MODULES AND p-ADIC HODGE THEORY (L.B.) 

In this chapter, we study the link between p-adic Hodge theory (the theory of Bcris and B(Jr) 
and the theory of ((/?, r)-modules. The latter theory provides a very flexible way of studying p-adic 
representations, since to describe p-adic representations, one only needs to give two matrices over 
(one for if and one for a topological generator of Fq^ (which is procyclic if p 7^ 2)) satisfying 
some simple conditions (which say that (p and Tq^ commute and that if is etale). 
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4.1. Overconvergent representations. In order to link p-adic Hodge theory and the theory of 
(93, r)-modules, we will apply the usual strategy: construct more rings of periods. Let x G B be 
given and write x = '}2k:^-ooP^[^k] with G E. Note that if y G E, then [y] G B^j^ but still, there 
is no reason for the series x = Ylk^-ooP^\-^k] to converge in B^j^ because the x^'s could "grow 
too fast" (recall that E is a valued field). We will therefore impose growth conditions on the x^'s. 
Choose r G M>o and define 

it.'- = {a; e x = V p^\xk], k + ?^^VE(xk) ^ +00}. 
^-^ pr 

fcs>— 00 

If r„ = p"'~^{p — 1) for some n > 0, then the definition of B^'*"" boils down to requiring that 
J2ky^-ooP^^k^^ converge in Cp, which in turn is equivalent to requiring that the series (^~"(x) = 
J2k:^~ooP''[^k^^"] converge in B+^. For example X G Bt''^ for ah r's and if-'^iX) = [e^/^"] - 1 = 

Let Bt'*^ = Bt'*^ nB and let Bt = Ur>oBt'^ This is the subring of elements of B which are "related 
to Bcjr" in a way. We say that a p-adic representation V of Gq^ is overconvergent if D{V) has a 
basis which is made up of elements of D'^{V) = (B^ CgiQ^ V)^*^p . If there is such a basis, then by 
finiteness it will actually be in D^'''{V) = (Bt''' (^q^ V)^^p for r large enough. 

We therefore need to know which p-adic representations are overconvergent, and this is given to 
us by a theorem of Cherbonnier and Colmez (cf (12|): 

Theorem 4.1.1. Any p-adic representation V of Gq^ is overconvergent. 

This theorem is quite hard, and we will not comment its proof. For de Rham representations, 
one can give a simpler proof, based on the results of Kedlaya. 

If V is overconvergent and if there is a basis of D{V) in D^''^{V), then D'^'^{V) is a Bq|^ := 

(Bt''")^Qp-module. Warning: ipiM^'"') C M^'P'' so one has to be careful about the fact that D^'''{V) 
is not a (/j-module. In any case, we need to know what looks like. The answer turns out to be 

very nice. A power series f{X) G Bq^ belongs to B^'' if and only if it is convergent on the annulus 
< Vp{z) < 1/r (the fact that f{X) G Bq^ then implies that it is bounded on that annulus). In 
particular, one can think "geometrically" about the elements of B^'' and this turns out to be very 
convenient. 

Given r > 0, let n(r) be the smallest n such that p^^^{p — 1) > r so that (p~^{x) will converge 
in B+^ for ah x G Bt''' and n > n(r). We then have a map 99"'^ : Dt,r(y) ^ ^ y)^^Qp and 
the image of this map is in (B^j^ V)^'^p if n > n(r). This is used by Cherbonnier and Colmez to 
prove a number of reciprocity laws, but it is not enough for our purposes, which is to reconstruct 
Deris (V") from D^{V) if V is crystalline. 

We do point out, however, that 

Proposition 4.1.2. If V is de Rham, then the image of the map tp""^ : D'^''^{V) {^dR V)^'^p 
lies in Fn{{t)) CSq^ DdRi^) O'f^d so if V is an E-linear de Rham representation, then the image of 
the map ip-^ : L>t,r-(y) ^ ^ y^H^^ in {E F„((i))) 0^ Dak{V). 

This will be used later on. 

4.2. A large ring of periods. In this paragraph, we take up the task of reconstructing -Dcris(l^) 
from D'^{V) if V is crystalline. For this purpose, we will need a few more rings of periods. Let 
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^rigQp ^^^S power series f{X) = Yli^-oo where a, G Qp and /(X) converges on the 

annulus < Vp{z) < 1/r (but is not assumed to be bounded anymore). For example, t = log(l + X) 
belongs to b!.'*" ^ but not to mIi^ . Let b!- ^ = U,,.>nffiI;'I m • Note that this ring is often given a 
different name, namely TZq^,. It is the "Robba ring". As Colmez says, TZqp is its "first name" and 
BjjgQ is its "last name". Similarly, let B^ = Ur>oB^'" = (Bt)'^«p. The first name of that ring is 

'^Qp- 

The main result which we have in sight is the following: 
Theorem 4.2.1. IfV is a p-adic representation of Gq , then 



^rig,Qp 



is a ip-module and as a ip-module, it is isomorphic to Dcris{V). IfVis crystalline, then in addition 
we have 

4g,Qp[lA]®Qp D\V)) = B,\^,_^j;i/t] 0„t dHV). 



^p 



The proof of this result is quite technical, and as one suspects, it involves introducing more rings 
of periods, so we will only sketch the proof. Let us mention in passing that there are analogous 
results for semistable representations. 

Recall that i:>t(y) = (Bt(g)Q^F)^«p and that Dcris(^) = (5^g[lA]®Qp^)*^'''' as we have explained 
in paragraph 12.21 The main point is then to construct a big ring bJj^ which contains both B^^ (and 



hence Bf) and 18^^. This way, we have inclusions 



(1) D,,UV) C (lBjig[l/t] V 
and 

(2) (4g,Qp[lA] ®Bt^ D\V)^ C (Bj.g[l/t] V 

We then need to prove that these two inclusions are equalities. There are essentially two steps, the 
first is to use the fact that all the above are finite dimensional Qp-vector spaces stable under ip and 
that Lp~^ tends to "regularize" functions (think of the fact that (^(B^'*") = B^'**^). The "most regular 
elements" of B^^g are those which are in B^l^g which explains why inclusion is an equality. 
For inclusion 0, we first remark that 

(SJig[iA] ®Qp v)''^^ = iJig^Q^i/t] ^4 D\v), 

where q — (^lio)^'^'' and in a way, the ring bJ- ^ is the completion of Um>o93~'"(Bj- ^ ) in 



Jjg. Inclusion then becomes the statement that: 

and the proof of this is a "(/?-decompletion" process, similar to the one used by Cherbonnier and 
Colmez to prove that all p-adic representations are over convergent, and about which we shall say 
no more. 
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4.3. Crystalline representations. In the previous paragraph, we explained the ideas of the (ad- 
mittedly technical) proof of the facts that if y is a crystalline representation, then 

and 

In this paragraph, we will explain one important consequence of this theorem, namely that p-adic 
representations are of finite height. First, let us explain what this means. Let A"*" = n A and 
B+ = B"*" nB. since IB+ C B"*", we have a natural map B"*" —>■ Bjj^ and the rings B+ are "even better 
behaved" than the B^^'^'s. In addition, they are stable under (p. We say that a p-adic representation 
V is of finite height if D{V) has a basis made of elements of D+{V) := (B+ (g)Q^ y)^«Jp. This last 
space is a module over Bq and one can prove that B^ = Qp Zp[[X]] which is indeed a very 
nice ring. We will explain the proof of Colmez' theorem (cf [13] ) : 

Theorem 4.3.1. Every crystalline representation of Gq^ is of finite height. 

This means that we can study crystalline representations effectively using Qp®ZpZp[[X]]-modules 
which we will do in the next lecture. 

Recall that Cherbonnier and Colmez have proved that D{V)^^^ contains a basis of D{V). The 
strategy for our proof that if V is crystalline, then V is of finite height is to prove that if V is 
crystalline, and S is the set 

s = x, ^(x), ^Hx),--- , 

then J:)(y)^=^ C (B+[S'-i] (g)Q^ y)^«Jp. This will show that D{V) has a basis of elements which live 
in (B"*" V)^^p . This proof is due to Colmez; there is a different proof, due to the first author, 
which relies on a result of Kedlaya. We will use the fact (due to Cherbonnier) that D(V)^^^ C 
(Bt Vf^p. 

For simplicity, we will assume that ip is semi-simple on Deris (^)! and we will consider V as an 
S-linear crystalline representation, where E contains the eigenvalues of ip on L'cris(^)- Suppose 
then that Dcris(^) = ®E ■ Ci where (p{ei) = a~^ei. If x G D^V), then we can write x = ^ Xj (8> 
with Xi & E (g)(Qp IB Jig Q [l/i] and if V'(a^) = x then, since V' acts by ip~^ on Dcris{V), we have 

x^e{E0QXi^M^^M)^^'^'''■ 

Let B^gQ^ be the ring of power series f{X) = Yli>o^i-X^ which converge on the open unit 
disk. The first name of that ring is T^q^- By an argument of p-adic analysis, which we will give 
in paragraph 14.41 we can prove that for any a G i?, we have {E ^ligQ [1/^])*^^" = {E (EiQp 
%tg,Q,[lA])'^="- We conclude that D{Vf=^ C IB+g_Q^[l/t] D,,UV). Finally B+^^q^ C B+g so 
that we have D{Vf=^ C (B+g[l/t] vf^P. Let us recall that D{Vf=^ C (B^ Vf^P. This 
means that the periods of the elements of D{V)'^-^ live in B+g[l/t] n B^ and one can easily prove 
(using the definition of ah these rings) that B+g[l/t] n Bt c B+[5"i]. Indeed, one should think of 
^rig "holomorphic (algebraic) functions on the open unit disk" and of B^ as "bounded (algebraic) 
functions on some annulus". The statement that B^g[l/t]nBt c B+[S'~^] then says that a function 
which is both meromorphic with poles at the e*-"^ — 1 and bounded toward the external boundary 
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is the quotient of a bounded holomorphic function on the disk (an element of B+) by (p^{X^) for 
A:, n large enough. Therefore, V is of finite height. 

In other words, the ((^, r)-module of a crystalline representation has a very special form: one 
can choose a basis such that the matrices of and 7 G Fq^ have coefficients in Bq^ (in E B^^ 
if V is E-lineax). 

4.4. Eigenvectors of ijj. In this paragraph, we investigate further the action of the operator ^/^ on 
certain rings of power series. The goal is to explain the proof of the following proposition: 

Proposition 4.4.1. If a e E* , then: 

{E Ml,^^Q^[l/t]f=- = {E Bi,Q^[l/i])^=^ 

Proof. Since '4^{t~^ f) = pH~^il){f), it is enough to prove that 

{E Bt;g_Q^)^=" = {E B+g,Q^)^=" 

whenever Vp{a) < (if we are given / such that V'(/) = (^fi then tpii^f) = p''^ct ■ t^f so to make 
Vp{a) < we just need to take h ^ 0) To avoid cumbersome formulas, we will do the case E = Qp 
where the whole argument already appears. 

Recall that we have the following rings of power series: B^g and B^^ and B^^ and Bq^ = 
Qp ®ip "^p^X.]] and Bqp as well as Aq^ and Aq^ = Zp[[X]]. Note that each of these rings is stable 
under V^. Let Aq^ be the set of f{X) = ^ a^X* G Aq^ such that = if i > (this is not a ring!) 
so that Aq^ = A^^ e A^^ and let B^^ = AqJ1/p]. 

Let us first prove that V'(Aq^) C Aq^. To see this, recall that q = ip{X)/X = 1 + [e] H h [e]^"''^ 

so that if £ > 1, then ^((7^) is a polynomial in [e] of degree < i — 1 (since ^'([f*]) = if p f i and 
[e*/^] otherwise) and so V'(Q'^) is a polynomial in X = [e] — 1 of degree < i — 1. We'll leave it as an 
exercise to show that its constant term is p^^^ (this will be useful later). Now observe that 

^P{X-') = ^{q'/^iXY)=X-'i;{q% 

so that ^(X~^) G Aq^ and consequently ■(/'(Aq^) C Aq^. 

If f G b!- ^ then we can write f = + with f+ G B"t"^^ and f~ G B^ . In order to 
•' rig, nip J J J J ngMp •' ^Ip 

prove our main statement, and since ^ commutes with / ^ we therefore only need to study 

the action of ^ on B^^. But since '0(Aq^) C Aq^, ^ cannot have any eigenvalues a with Vp{a) < 

on , so we are done. □ 



Exercise: using this, determine all the eigenvalues of ^ on Bj,, n 



■V 



4.5. A review of the notation. The point of this paragraph is to review the notation for the 
various rings that have been introduced so far. There are some general guidelines for understanding 
"who is who" . The rings B^r and Bcris do not follow these patterns though. 

Most rings are E* or A* or B*. An "E" indicates a ring of characteristic p, an "A" a ring of 
characteristic in which p is not invertible, and a "B" a ring of characteristic in which p is 
invertible. 

The superscripts are generally + or f (or nothing). A "+" indicates objects defined on the whole 
unit disk (in a sense) while a "f" indicates objects defined on an annulus (of specified radius if 
we have a "t,r") and nothing generally indicates objects defined "on the boundary". A "+" also 
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means that X = tt is not invertible. So a "f" indicates that X is invertible but not too much (as 
on an annulus). 

The subscript "rig" denotes holomorphic-like growth conditions toward the boundary, while no 
subscript means that we ask for the much stronger condition "bounded". The subscript "Qp" 
means we take invariants under Hq^. 

A tilde "~" means that <p is invertible (eg in the algebraic closure E of Eq^) while no tilde means 
that if is not invertible (eg the separable closure E of Eq^). 

Finally, as we said, M^r and Bcris do not follow these patterns, in part because they are not 
defined "near the boundary of the open disk" like the other ones. It is better to use the ring 
]B^g[l/t] than the ring Ma-is which is linked to crystalline cohomology but has no other advantage. 
The notation B^^^ is consistent with our above explanations. Note that this ring is also called B^nt 
by some authors (with inconsistent notation). 

5. Crystalline representations and Wach modules (L.B.) 

This lecture will be a little different from the previous three: indeed we have (finally!) defined 
all of the period rings which we needed and constructed most of the objects which describe, in 
various ways, crystalline representations. It remains to construct the Wach module associated to 
a crystalline representation V, and then to prove some technical statements about the action of 
on this module, which will be crucial for the applications to representations of GL2(Qp). 

5.1. Wach modules. Recall from the previous lecture that if y is a crystalline representation, 
then it is of finite height, meaning that we can write D{V) = Mq^ (g)^+ D+{V) where D+{V) = 

(B+ (giQp V)^^p is a free B^^ = Qp (gj^p Zp[[X]]-module of rank d. If V is an £'-linear representation, 
then we have that D'^(V) is a free E ^Qp^^^ = E 00 0[[X]]-module of rank dim.E{V). Once again, 
we will deal with Qp-linear representations in this chapter and at the end explain how everything 
remains true for E-lmeai objects in an obvious way. 

The starting point for this paragraph is that all crystalline representations are of finite height, but 
there are finite height representations which are not crystalline (for example: a non-integer power 
of the cyclotomic character). Wach has characterized which representations V of finite height are 
crystalline: they are the ones for which there exists a B^^-submodule N of D'^{V) which is stable 
under Fq^ and such that: (1) D{V) = ^Qp'S>^+ N (2) there exists r G Z such that Fq^ acts trivially 

on {N/X ■ N){r). 

Suppose that the Hodge- Tate weights of V are < 0. One can then take r = above and one 
can further ask that N{l/X] = D~^{V)[1/X]. In this case, N is uniquely determined by the above 
requirements and we call it the Wach module N(V) associated to V. It is then stable by (p. So to 
summarize, the Wach module N{V) associated to V satisfies the following properties: 

Proposition 5.1.1. The Wach module N{V) C D{V) has the following properties if the weights 
of V are < 0: 

(1) it is a Bq -module free of rank d 

(2) it is stable under the action ofTq^ and Tq^ acts trivially on N{V)/X ■ N(y) 

(3) N{y) is stable under ip. 

Suppose that the Hodge- Tate weights of V are in the interval [— /?.;0] and let (p*{N{V)) be the 
B+^-module generated by ip{N{V)). One can show that N {V) / p* {N {V)) is killed by {}p{X)/XY. 
Recall that we write q for the important element (p{X)/X. 
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Note that the Wach module of V{—h) is simply X^N{V)e-h (here ei is a basis of Qp(l) and 
Cfc = ef^). If the Hodge- Tate weights of V are no longer < it is still possible to define the 
Wach module of V by analogy with the above formula: we set N{V) = X~'^ N{V{—r))er where r 
is large enough so that V{—r) has negative Hodge- Tate weights. This obviously does not depend 
on the choice of r. The module N{V) C D(y) is then stable under Tq^ and Tq^ acts trivially on 
N{V)/XN(V) but N{V) is no longer stable under if. What is true is the following: 

Proposition 5.1.2. If in prop \5.1~l[ the Hodge-Tate weights ofV are in the interval [a; 6] with b 
not necessarily < 0, then ipiX^N{V)) C X^N{V) and X''N{V)/ip{X^N{V)) is killed by q^-"". 

We finish this paragraph with a few examples. If V = Qp(r) then N{V) = X^'^M^^Cr which 
means that N{V) is a Bq -module of rank 1 with a basis Ur such that ip{nr) = q~^nr and 7(nj.) = 

{j{X)/X)-^e{^Ynr ifTeTQ^. 

Suppose now that V is the representation attached to a supersingular elliptic curve (with Op = 0), 
twisted by Qp(— 1) to make its weights < 0. This representation is crystalline and its Hodge-Tate 
weights are —1 and (and the eigenvalues of ip on 

Deris (^) are ±pV2). The Wach module N{V) 
is of rank 2 over Bq^ generated by ei and 62 with ip{ei) = qe2 and (p{e2) = —e\. The action of 
7 G rQ„ is given by: 



where 

,„g+(l+.T) = n^^^ and ,og-(l + A-) = n^, 

ra>0 ^ n>0 ^ 

SO that t = log(l + X) = Xlog+(l + X) log-(l + X). 

Finally, we point out that liV is an E'-linear representation then N{V) is a free £'(E>0[[^]] -module 
satisfying all the properties given previously. 



5.2. The weak topology. Until now, we have largely ignored issues of topology, but for the sequel 
it will be important to distinguish between two topologies on D{V). There is the strong topology 
which is the p-adic topology defined by choosing a lattice T of V and decreeing the p^D{T) to be 
neighborhoods of 0. This does not depend on the choice of T. Then, there is the weak topology which 
Colmez has defined for all p-adic representations V, but which we will only define for crystalline 
ones, using the Wach module. Choose a lattice T in V and define the Wach module associated to 
T to be N{T) = N{V) n ^(r). One can prove that N{T) is a free Zp[[X]] -module of rank d such 
that N{V) = Qp0z,N{T). 

For each A: > 0, we define a semi- valuation i/^. on D{T) as follows: if x G D{T) then Vki^) is the 
largest integer j G Z U {-|-oo} such that x G X^N{T) + p^D{T). The weak topology on D{T) is 
then the topology defined by the set {z^A:}fc>o of all those semi- valuations. Remark that the weak 
topology induces on N{T) the (p, X)-adic topology. The weak topology on DiV) is the inductive 
limit topology on D{V) = Ui>oD{p~^T). This does not depend on the choice of T. Concretely, if 
we have a sequence {vn)n of elements of D{V), and that sequence is bounded for the weak topology, 
then there is a GQ^-stable lattice T of V such that t;„ G D{T) for every n > and furthermore, for 
every A; > 0, there exists f{k) G Z such that Vn G X~f'^^'^N{T)+p^D{T). 

In lecture 8, we will use the weak topology on D(T). 
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5.3. The operator tp and Wach modules. In this lecture, we assume that y is a crystalhne 
representation with > Hodge- Tate weights. The goal of this paragraph is to show that 

Theorem 5.3.1. If V is a crystalline representation with > Hodge-Tate weights and if T is a 
GiQ^-stable lattice in V, then 

^iN{T)) C N{T) 

and more generally, if i >!, then 

^{X-^N{T)) C p^-^X-^N{T) + X-^+^N{T). 

Proof. Say that the weights of V are in [0, /i]. We know that Lp{X^N{T)) C X^N{T) and that 
X^N{T)/ip*{X^N{T)) is killed by g'*. liy G iV(T), thenq^X^y G ip*{X^N{T)) = ip{X^)ip* {N {T)) 
and since by definition q^X^ = ip{X^) this shows that y G ip*{N{T)) and therefore N{T) C 
ip*{N{T)). If y G ip*{N(T)) then by definition we can write y = ^yi(p{ni) with yi G 0[[^]] and 
Ui G N{T) and i;{y) =Y,'^{yi)ni G N{T). This proves that ip{N{T)) C N{T). 

Now choose y G N{T) and i > 1. Once again, since N{T) C (p*{N{T)), we can write y = 
J2yiV{''^i) with yi G 0[[^]] and G N{T) so that il>[X~^y) = '^'ip{X~^yi)ni. Therefore, in order 
to prove that 

^{X-^N{T)) C p'^-'^X-^N{T) + X-^+'^N{T), 

it is enough to prove that 

i^{x-^Q[[x]]) c p'^-^x-^0[[x]]+x-^+^0[[x]i 

which we did in S3J □ 

5.4. The module D^{T). The goal of this paragraph is to explain the proof of the following 
proposition: 

Proposition 5.4.1. IfV is crystalline irreducible and Qp CSq^ V has no quotient o/diml (e.g. V 
is absolutely irreducible), then there exists a unique non-zero Qp-vector subspace D^{V) of D(V) 
possessing an Zp-lattice D^{T) which is a compact (for the induced weak topology) 7,p[[X]]-submodule 
of D{y) preserved by tp and Tq^ with tp surjective. 

If V has a quotient of dim 1, then such an Zp[[X]]-module exists but is not unique. For example, 
if y = Qp, the we can take either Qp <^ip '^p\[X^ or X^-'-Qp If V is not crystalline, it 

still exists (this is a result of Herr) but in our case, the situation is greatly simplified if we assume 
V to be crystalline. Indeed, in this case D^{V) is free of rank d over Qp (g)^^ Zp[[X]]. 

Proof. First, we'll prove the existence of such a module. Suppose that the Hodge-Tate weights 
of V are in [— /i;0]. We can always twist V to assume this, because the underlying 99- module of 
D{y) is unchanged by twists. Choose a GQ^-stable lattice T in V . Our assumption implies that 
A^(r) C ip*{N{T)) and that t.p*{X^N{T)) C X^N{T) as we've seen previously. As a consequence, 
iP{nIt)) C N{T) and X^N{T) C i:{X^N{T)). Consider the sequence 

X^N{T), i){X^N{T)), ip'^{X^N{T)),--- 

It is increasing and all its terms are contained in N{T). Since Zp[[X]] is noetherian, this im- 
plies that the sequence is eventually constant, and so there exists mo such that if m > mg, 
then ^p'^+^X^NiT)) = ip"^ {X^ N {T)) . One can then set L>?(r) = V"'o(X''7V(r)) and D\{V) = 
Qp ®Zp ^i(^)- This proves the existence of one module D^{T) (and the associated Di(y)) satis- 
fying the conditions of the proposition. Before we prove the uniqueness statement, we want to set 
D^(V) to be the largest such module and first we need to prove some properties of those modules 
satisfying the conditions of the proposition. 
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Suppose therefore that some module M{V) satisfies the condition of the proposition, that is we 
can write M{V) = Qp M{T) with ^ : M{T) M{T) surjective and M{T) compact in D(T) 
for the induced weak topology. This last property means that for any A: > 0, there exists f{k) 
such that M{T) C X-f^^'>N{T) +p^D{T). RecaU that in proposition we've proved that if 
f{k) > 1, then: 

Since ^(M(T)) = M(T), we have 

M{T) = ^"(M(r)) C p"^(/W-i)x--^('=)iV(T) + X-f^''^+^N{T) + p^D{T) 

and if m is large enough, we finally get that M{T) C X-f'~^'^+^N{T) +p^D{T). What this shows 
is that we can take f{k) = 1 for all A; > and so M{T) C X-^N{T) +p^D{T) for all /c > which 
implies that M(T) C X-'^N{T). Therefore, any such M{T) is contained in (^rn>Q'4^'^ {X''^ N [T)) . 

On the other hand, if we set D^{T) = r^m>oi^'^ {X'^ N [T)) , then obviously D^{T) satisfies 
the conditions of the proposition, and it contains D^{T) constructed previously so it is certainly 
non-zero, and D^(V) is therefore a free -module of rank d contained in X~^N{V). 

Any other M{T) satisfying the conditions of the proposition is included in D^{T). If M{V) was 
a free Bq -module of rank < d, then we would have a submodule of N{V) stable under ip and 
r. One can prove that it would then have to be stable under ip (this is easy to see in dimension 
d = 2, less so in higher dimensions) and this would correspond to a subrepresentation of V, which 
we assumed to be irreducible. Therefore, any such M(V) is a -module of rank d contained in 
X-^N{V). 

Recall that by proposition 13.3.11 for any polynomial P, the map P{tp) : D{V) — > D{V) is 
surjective. By continuity, we can find a set O C D{T) bounded for the weak topology and i > 
such that P{'tp){^) D p^D^{T). This means that for any A; > 0, there exists f{k) such that 

p^D^{T) = ^""{p^D^iT)) C V™ o P{'4^){X-f^''^N{T) + p''D{T)) 

for all m > 0, and just as above this proves that p^D^(T) C P{ip)X^^N{T) and then that 

/D\T) C P(V) n™>o r'{X-'N{T)) = P(^)(d0(T)), 

so that ip : D^iV) D^{V) is surjective. 

We now prove the uniqueness of an M{V) satisfying the conditions of the proposition. By 
the previous discussion, D^(y)/M{V) is a finite dimensional Qp-vector space stable under tp and 
such that the operator P{ip) is surjective for all P € Qp[^] which is impossible unless D^(V) = 
M{V). □ 

5.5. Wach modules and Dcris{y)- We end this lecture with two ways of recovering Deris (^) from 
the Wach module N{V) of a crystalline representation V. 

Let y be a crystalline representation. Recall that N{V) C DiV) is not necessarily stable under 
ip, but that in any case ip{N(V)) C N(V)[l/q]. We can define a filtration on N(V) in the following 
way: FiPiV(V) = {x G N{V), ip{x) G q'N{V)}. The results of Ol show that if the weights of V 
are in [a;b], then Fir''iV(y) = N{V). 

Note also that since X and q = ip{X)/X are coprime, we have a natural identification N{V)/X ■ 
N{V) = N{V)[l/q]/X ■ N{V)[l/q] and we endow N{V)/X ■ N{V) with the induced filtration from 
N{V), and the Frobenius induced from N{V)/X ■ N{V) = N{V)[l/q]/X ■ N{V)[l/q]. This makes 
N{V)/X ■ N(V) into a filtered (/9-module. The main result is then (see JS', §111.4]): 

Theorem 5.5.1. The two filtered (p-modules N(y)/X ■ N(V) and Deris (^) cli^g isomorphic. 
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We shall now prove a technical result which will be used later on. Suppose now that the weights 
of V are > 0. We've seen that both N(V) and X~^N(V) are stable under ■0, so we get a map 
■0 : X-^N(y)/N{V) X-^N(y)/N{V). 

Proposition 5.5.2. If we identify X~^N{V)/N{V) with Dcris(^) by the map X~^y <—>■ y, then the 
map V : X-'^N{V)/nIv) X''^ N{V)/N{V) coincides with the map : Dcris{V) -Dcris(^). 

Proof Indeed, given y £ N(y), choose z £ N(y)[l/q] such that y - ip{z) £ X ■ N(y)[l/q]. We 
then have i){y/X) = ^{ip{z)/X + w) with w G N{V) and ^l){ip{z)/X) = z/X so that il^iy/X) = z 
mod N(y)[l/q]. □ 

Now, we will give a different relation between -Deris (^) and N(y). Recall that we have an 
isomorphism 

and in particular an inclusion 

N{V) C D\V) C Blig,Q^[l/t] D,n,{V). 

One can then prove that: 

Proposition 5.5.3. IfV is crystalline, then 

iV(F) C B+g^^Jl/t] I)cris(F), 

and 

Furthermore, if the weights of V are > 0, then 

N{V) C B+g_Q^ D,,UV). 

Exercise: work out explicitly all the above identifications for the Wach modules given at the end 
of EH 



6. Preliminaries of p-ADic analysis (C.B.) 

We give here some classical material of p-adic analysis which will crucially be used in the coming 
lectures. The results can be found in |2H], [IHl or any treatise on p-adic analysis. Thus, we do 
not provide most of the proofs. 

6.1. Functions of class Fix E a finite extension of Qp. We have extensively seen in Schneider 
and Teitelbaum's course what a locally analytic function / : Qp E is. Let r be an element in 
M+. Here, we study the larger class of functions f :'Lp ^ E which are of class C. For f : Zp ^ E 
any function and n G Z>o, we first set: 

«n(/) :=x;(-irf'')/(^-o- 

Definition 6.1.1. A function f : "Zp ^ E is of class C i/n''|a„(/)| ^ in when n -\-oo. 

Of course, if / is of class C, then it is also of class C for any s < r. Functions of class are 
functions / such that an{f) ^ in E', which can easily be seen to be equivalent to / continuous 
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(see e.g. _[15;,§V.2.1). Hence, a function of class for r G M"^ is necessarily at least continuous. 
Moreover, one can write ( ,15_ ,§V.2.1): 

(3) /w = E««(/) J 

n=0 ^ ^ 

where z £ and (^) := ''^'^ J;^ "^^^ ■ The E'- vector space of functions of class C" is a Banach 
for the norm \\f\\r := sup„((n + l)^|a„(/)|) which contains locally analytic functions on Zp, hence 
also locally polynomial functions. We denote this Banach by CiZpjE). 

Theorem 6.1.2. Let d he an integer such that r — 1 < d, then the E-vector space of locally 
polynomial functions f : Zp ^ E of degree at most d is dense in C^iZpjE). 

This theorem is a consequence of the Amice- Velu condition as will be seen in H6.2I fCor l6.2.7() . 

We now state results on the spaces C''(Zp,£') when r = n is in Z>o (although this is actually 
probably a useless assumption for some of the results below). 

For n G Z>o and f : Zp ^ E any function, define /["](z, hi, ■ ■ ■ ,hn) : Zp x {Zp - {0})" ^ ^ by 
induction as follows: 

/'°k^) := fiz) 

.[nl, , , , /I"-l](z + hn,hu-- •, hn-l) - f^^^^Hz, /ij, • • •, h^-l) 

J '[z,hi,- ■ ■,nn) := 7 . 

Theorem 6.1.3. A function f : Zp ^ E is of class C" if and only if the functions for < i < n 
extend continuously on Z^p^^ . Moreover, i/ie norm supo<i<„supj-^ ...^.■)g2i+i|/W(z, /ii, is 
equivalent to the norm \\ ■ ||„. 

See ^ni!§V.3.2 or |1H|)§54. Note that, in particular, any function / of class C" admits a continuous 
derivative /' := f^^\z,0). 

Theorem 6.1.4. Assume n > 1. The derivative map f ^ f induces a continuous topological 
surjection of Banach spaces C^{Zp,E) — » C^~^{Zp, E) which admits a continuous section. 

Note that, with our definition, it is not transparent that /' G C^~^{Zp, E) (and indeed, this 
requires a proof). We refer to I28j,§§78 to 81. The topological surjection obviously follows from the 
existence of a continuous section. Let us at least explicitly give such a section P„ : C"~^(Zp, E) ^ 
C^iZp,E): 

+oon-l . 

where zj := Eto a/p' if 2 = Ezt"^ V with a/ G {0, • • • ,p - 1}. The fact P"/ G C"(Zp,P) if 
/ G C"'~^{Zp, E) is proved in |2H])§81. The fact is continuous is proved in [lHl!§79 for n = 1 and 
in [2ni)§ll for arbitrary n. 

By an obvious induction, we obtain: 

Corollary 6.1.5. The n-th derivative map f /^"^ induces a continuous topological surjection of 
Banach spaces C'^{Zp,E) C^{Zp,E) which admits a continuous section. 

Let d be an integer such that d > n. We have already seen that the closure in C"(Zp, E) of the 
vector subspace of locally polynomial functions of degree at most d is C"'(Zp,P) itself (ThinHJ. 
We we will need an analogous result when d < n: 
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Theorem 6.1.6. Assume n > 1 and d < n. The closure in C'^{'L,p,E) of the vector subspace of 
locally polynomial functions of degree at most d is the closed subspace of C^{'Lp,E) of functions f 
such that /('^+^) = 0. 

This is proved in j28j.S68 for n = 1 (and (i = 0) and in ^29 , §8 for n and d arbitrary. 

6.2. Tempered distributions of order r. We let IZe be the Robba ring of power series with 
coefficients in E converging on an open annulus and IZ'^ C TZe he the subring of power series 
converging on the open (unit) disk. We thus have TZ~^ = {'^n=o '^nX^ \ On ^ E, hm„|o„|r" = 
V r S [0, 1[} that we equip with the natural Frechet topology given by the collection of norms 
sup„(|o„|r") for < r < 1. We start by recalling Amice's famous result: 

Theorem 6.2.1. The map: 

(4) M-EKg)^" 

n=0 ^ ^ 

induces a topological isomorphism between the dual of the E -vector space of locally analytic functions 
f : Ijp ^ E and IZ^ . 

We now fix r G M"*". 

Definition 6.2.2. We define the space of tempered distributions of order r on TLp as the Banach 
dual of the Banach space Ci^Zp, E). 

People sometimes also say "tempered distributions of order < r". A tempered distribution of 
order r being also locally analytic (as C'CZpjE) contains locally analytic functions), the space of 
tempered distributions of order r corresponds by Th l6.2.ll to a subspace of 7^^. 

Definition 6.2.3. An element w = ^n=o'^nX" G TZ^ is of order r i/n~^|a„| is bounded (in M.'^ ) 
when n varies. 

The following corollary immediately follows from Def l6.1.f] and 

Corollary 6.2.4. The map ^ induces a topological isomorphism between tempered distributions 
of order r and the subspace of TZ'^ of elements w of order r endowed with the norm \uj\r := 
sup„((n + l)-''|a„|). 

Let ;U be a locally analytic distribution, that is, an element of the dual of the £'-vector space of 
locally analytic functions / : Zp — > i?. If / : Zp ^ is a locally analytic function which is outside 
of a + p"Zp (a G Zp, n an integer), we use the convenient notation /^.(.png /(-2)^(-z) := /"(/)• For 
any r G M^, we denote ||;u||r := sup„ ((n + l)-*"! Q)/^(-z)|) G M+ U oo. We define another norm 
follows: 



{z — ay n{z] 

a+p"Zp 



G M"^ U oo. 



Lemma 6.2.5. The two norms \\ ■ \\r and \\ ■ ||', are equivalent (when defined). 

Proof. We are going to use an intermediate norm. For w = X^^=o '^mX"^ G TZ^, define: 

1^1^' := sup„(p-"''sup„(|a„[^]!|)) G M+ U oo 
where [^] is the largest integer smaller than Then one can prove that there exists ci,C2 G 
such that ci||7u||r < \\w\\^ < C2||w||r (this is purely an exercise in TZ~^: see P^.Lem.V.3.19 and note 
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that is p (p-^)''" up to a bounded scalar). If ||/i|| 



when w is the Amice transform of 



/i, it is thus enough to prove that 



is equivalent to 



Fix n G Z>o and let: 



m\ 



\m 



P SUp^g^^SUPjgx^^ 



/ 



a\3 



p "'"sup. 







m 






(1 











(so that ||/u||^ = sup„||//||^^ and = sup„||/i||^'^). Note that one can replace a € Zp by a S 
{1 • • • in the definition of One can prove that each function (^) [^]! can be written as 

a (finite) linear combination of the functions la+p"Z, ,{^y (for j e Z>o and a G {1 • • • ,p"}) with 
coefficients in Zp. Conversely, one can also write the function la+p-^'Lp{^^Y as an (infinite) linear 
combination of the functions (^)[^]' with coefficients in Zp converging toward (see |15j.SV.3.1'). 



This implies that ||/i||rn ™- '^'^ ^'^d only if ||/i|| 
with ||//||^ and This finishes the proof. 



is in M+ and, if so, , 



II ^11 



Likewise 

□ 



Lemma 6.2.6. Let fi be a linear form on the space of locally polynomial functions f : Zp ^ E of 
degree at most d G Z>o. Assume there exists a constant G E such that Va E Zp, Vj G {0, • • • ,d} 
and Vn € Z>o.' 

(5) / {z- a)V(^) G C^p"(^-'-)0. 

If d > r — 1, there is a unique way to extend ^ as a locally analytic distribution on Zp such that 
\\fi\\'^ G M"*" (i.e. is bounded). 

Proof. We give the idea of the proof in the case d = and r < 1, leaving the technical details and 
the general case (which is analogous) to the reader. We will first define J^^pni {z — a)^ n{z) by 
induction on j. For j = 1 (it is known for j = 0), we have: 



{z - a)ii{z) 



{z-a)n{z)= 

b=a{p") 



{z - 6)/x(z) + 



=r,/nri\ J b+p"+ Zp h=r,(r,n\ r.=h(nn + l\-' 



b=a{p^) 



b=a(p") c=fe(p"+l) -^c+p^+^Zp 



c)/i(z) 



E E (^-^) / /^(^)+ E (^-") / 



^(z) 



We have 



/c+p"+2Zp 

and (a — 6) Jf,_^_pn+iz l^{z) G p'^^^~^^p~^C^0. Decomposing again c + p"+^Zp, we see that we get 
a converging sum of terms indexed by of the type p^ la+p^+^z /^('^) ^ p^^^~^^p~^Cfi0 with 
N growing together with a remainder which is a sum of terms of the type J^^j^pN+ii {z — a)fi{z). 
Since j]^_^_pN+ii (z — a)fi{z) must be p-adically very small if /i extends thanks to the condition 
G (which in particular implies /^_j_piv+i^ (z — a)iJ,{z) G \\n\\'^p^^^^^^^~^^ 0) , we immediately 
see that we can canonically extend on locally polynomial functions of degree at most 1 by setting 
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J^_^_^„^^z — a) ij,{z) :=the above converging sum. Replacing (z — a) by (z — a)^, etc., an easy induction 
shows that /x extends in a similar way to all locally polynomial functions and by continuity to all 
locally analytic functions and moreover that ||//||^ S M"*". Unicity also follows obviously from the 
above decomposition and the condition G M+. □ 

The condition Q in Lem l6.2.'^ is sometimes called the "Amice- Velu condition". 

Corollary 6.2.7. 1) When d > r — 1, the subspace of locally polynomial functions f : Zp ^ E of 
degree at most d is dense in (T^p, E) . 

2) Let fj, be as in Lem \6.2~R with d> r — 1, then fi uniquely extends as a tempered distribution on 
Zp of order r. 

Proof. 1) If it is not dense, there exists a non zero /i which is tempered of order r and vanishes on 
locally polynomial functions of degree at most d. Because of Lem lb.'i."^ /u vanishes on all locally 
polynomial functions, hence in particular on (^) for any n, hence ^ has as Amice transform which 
is impossible by Th 16.2.11 since ^ 7^ 0. 2) The unicity follows from 1) and the existence follows from 
Lem imn Lem lfTT^ and Cor lHTH □ 

Assuming Th ]6.1.6l and using Th l6.1.3l one can also prove that, when r is a positive integer and 
d < r, any linear form fi as in Lem 16.2."^ extends uniquely to a continuous linear form on the closed 
subspace of C'^{Zp,E) of functions / such that /('^+^) = 0. We leave this as an exercise to the 
reader. 

7. Crystalline representations of GL2(Qp) (C.B.) 

We define and start studying unitary GL2(Qp)-Banach spaces n(y) associated to the 2-dimen- 
sional crystalline representations V of Gq^ as in the introduction. When V is reducible, we prove 
that n(y) is admissible of topological length 2. 

7.1. Preliminary Banach spaces. Let ^ be a crystalline representation of Gq^ on a two- 
dimensional vector space with distinct Hodge- Tate weights. Replacing V hy V f^iE for some 
n S Z, we can assume that the Hodge- Tate weights of V are (0, A; — 1) with k £ k > 2. As- 
suming moreover that V is F-semi-simple, i.e. that the Frobenius (p on Deris (^) is semi-simple, 
we have seen in Lecture El that there are two elements a,(3 G such that 07^/?, val(/3) < val(a), 
val(a) + val(/3) = k — 1 and Dcris(V^) = D{ot,j3) = Ee^ © Eep with ^p{ea) = a~^ea, ^{ep) = I3~^ep 
and: 

1) V absolutely irreducible: val(a) > 0, val(/3) > 0, FirD(a,/3) = D{a,l3) if i < -{k - 1), 
V\fD{a, (3) = E{ea + ep) if -{k - 2) < i < and Fil' D{a, /?) = if i > 0, 

2) V reducible and non-split: val(a) = k - 1, val(/?) = 0, FirD{a,l3) = D{a,l3) if i < -{k - 1), 
FiP Z)(a, (3) = E{ea + ep) -{k - 2) < i < and FiPL>(a, /3) = if « > 0, 

3) V reducible and split: val(a) = k - 1, val(/3) = 0, Fil'D{a,f3) = D{a,P) if i < -{k - 1), 
FiV D{a, f3)=Eepii-{k-2)<i<0 and FiV D{a, /3) = if i > 0. 

The genericity hypothesis alluded to in the introduction just means that we moreover want 
a / pP. Note that D{a, [3) ~ D{f3, a) when val(a) = val(/3). 

We define now preliminary GL2(Qp)-Banach spaces B{a), B{(3), L{a), L{0) and, when val(a) = 
k-l, N{a). 
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Let B{a) be the following Banach space. Its underlying E'- vector space is the vector space of 
function f : Qp ^ E such that / is of class C™^(") and {apP~^y''^^'h''-'^f{l/z) can be 
extended as a function of class C™'^") on Zp. As a vector space we thus have: 

(6) Bia) ^ r^'^^\Zp, E) © E), / ^ /i © /a 

where, for z G Zp, fi{z) := /(pz) and f2{z) := (q!P/5^^)™^*^^)2;'^^^/(1/2:). Hence B{a) is a Banach 
space for the norm: 

I/I := Max(|/l|cval(a), |/2|cval(«))- 

We endow 5(a) with an E'-linear action of GL2(Qp) as follows: 

(7) h ^}\ {f){z) = a— i('^'^-^^)(ap/r'r'^"''+"H-c^ + 4~^f( 

\CClJ \ — CZ ~t~ CI 

and to check that this action induces a continuous map GL2(Qp) x B{a) — > B{a) is a simple exercise 
that we leave to the reader (recall that by the Banach-Steinhaus Theorem (see (HOI) it is enough 
to check that the map GL2(Qp) }iomE{B{a), B{a)) is continuous, where the right hand side 
is endowed with the weak topology of pointwise convergence). Likewise, we define B((3) with a 
continuous action of GL2(Qp). Note that we have a continuous GL2(Qp)-equivariant injection: 

(8) LA{a) := (lnd3j^^^^''Vmr(Q-i) © x''-\inr{pp-^)'^ ^ B{a) 
given by: 

(9) (/j:GL2(Qp)^i?) ^ (zeQp^M(_°i z))) 

where the left hand side is a locally analytic principal series in the sense of Schneider and Teitelbaum 
(|31j) with left action of GL2(Qp) by right translation on functions. We thus see that the Banach 
B{a) is nothing else than: 

"(lnd^J^«^)unr(a-i) © x'-\nT{pp-')f^''"\" 

We have analogous properties with B{P) and LA{P) by interchanging a and /3. 

When val(Q) = k — 1, let N{a) C B{a) be the closed E'-vector subspace of functions / such that 
j.{k 1) _ j.(k 1) _ Q _ i_(;|gpivative) so that we have an exact sequence of Banach spaces: 

(10) ^ N{a) ^ B{a) ^C°{Zp,Ef ^0 

where the third map sends (/i, /2) to {f['' ^\ f!^ ^^). Note that this is well defined since /i and /2 
are C*^~^ on Zp (the topological surjection on the right follows from Gor i6.1.f)|) . Now, let us look at 
the action of GL2(Qp). When xi, X2 are two characters on Qp with values in 0^ (i.e. two integral 
characters), we denote by: 

the Banach of continuous functions h : GL2(Qp) E such that: 

^((o ^) 5') = ^i(")^2(d)/i(5') 

equipped with the topology of the norm \h\ := SupggQL2{Z )\^{9)\ ^^i^ with an action of GL2(Qp) 
by right translation. It is easily seen to be a unitary GL2(Qp)-Banach. We can also describe 
this Banach as before using © in terms of continuous functions / : Qp E satisfying a certain 
continuity assumption at infinity. 
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Lemma 7.1.1. Assume val(a) = k — 1 (hence val(/3) = 0), then the map f ^ /^^ induces an 
exact sequence of Gh2{Q.p)-Banach spaces on E: 

^ N{a) B{a) {ind'^^^^^^'^ x''-^unr{a-^) x-^unT{pp-^)f° 0. 

Proof. This is a standard and formal computation which is the same as in the locally analytic 
context and that we leave to the reader. Note that the characters in the right hand side parabolic 
induction are 0^ -valued. □ 

Let L(a) (resp. L{(3)) be the following closed subspace of B{a) (resp. B{(3)): it is the closure 
of the i?-vector subspace generated by the functions and {apf5~^Y'^^'^^~°^ {z — a)^""^'^ for a G Qp 
and j £ Z, < j < val(a) (resp. < j < val(/3) with the convention L{(3) = if val(/3) = 0). 
The reader can check using that L{a) (resp. L{(3)) is preserved by GL2(Qp). In order for L{a) 
(resp. L{I3)) to be a subspace of B{a) (resp. B{I3)), it is enough to check (using © and up to a 
translation on z): 

Lemma 7.1.2. For < j < val(a;), the function z {apf^'^y^^^^^ z'^~'^~^ is of class C™'^") on Zp. 
Likewise interchanging a and (3. 

Proof. Fix j as in the statement and let f{z) := {apl3~^y^^^^^ z^~'^~^ which is easily seen to extend 
to a continuous function on Zp by setting f{z) = (look at the valuation of f{z) for z ^ 0). 
Let /o be the zero function on Zp and, for n G Z, n > 0, consider on Zp the functions fniz) ■= 
(ap/9"^)™'(^)z''"^"-' if val(2;) < n and /^(z) := otherwise. It is clear that /„ is of class C™'^") 
on Zp since it is locally polynomial. If we can prove that fn+i - fn ^ in C™i(°)(Zp,^) when 
n ^ +00, we deduce that E^=o(/n+i " fn) ^ C™'(")(Zp, £") since C™'(")(Zp,S) is complete. But 
this function is clearly / (as can be checked for any z E Zp). If B is any Banach space, we have 
a closed embedding B ^ (B*)* (see |Hni,Lem.9.9), hence, to check that the sequence {fn+i — fn)n 
converges toward in we can do it inside (B*)* . It is thus enough to prove that for any tempered 
distribution fj, on Zp of order val(a), we have: 



sup 

M ll/^llval(a) 



when n — > +oo. 



But: 



{fn+i{z) - fn{z)Mz) = {apr'r( z^-^-^i,{z) - z^'^'^ ^^{z)) 

(= II //II' . -1 n(2val(Q)-fc+2) n(fc-2-j~val{Q))0 
^ ll^llval{Q) V V ^ 

using that val(a)+val(/3) = k — \ and that is of order val(a) (see ^6.21) . This implies {^fn+\{z^ — 
fniz))fi{z) £ C^||/u||^ai{a)~V"^™'^"^"^'^0 hence the result since j < val(a). □ 

If val(a) = k — 1, note that the functions / in L(a) give rise to pairs (/i, /2) with zero {k — 1)- 
derivative, hence L{a) C N{a) C B(a) in that case. If val(a) < A; — 1, the authors do not know 
how to prove directly that L{a) is distinct from B{a). 

7.2. Definition of n(y) and first results. 1) Assume V absolutely irreducible, or equivalently 
< val(a) < A; — 1. Then we define: 

U{V) := B{a)/L{a) 
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with the induced action of GL2(Qp). We will prove in the next lectures that 11(1/) is always non 
zero, but this will use (99, r)-modules. 

2) Assume V is reducible and non-split. This implies val(Q) = k — 1 and val(/3) = 0. We define 
again: 

U{V) := B{a)/L{a) / 
with the induced action of GL2(Qp). By Lem lT.l.Tl we have an exact sequence: 

(11) ^ ^ Il{V) ^ {lnd^\^^^^V'^Vini{or^) ® x-^unT{p(3'^)f-^ 0. 

We will identify below the Banach N(a)/L{a). 



3) Assume V is reducible and split. This implies val(a) = k — 1 and val(/3) = 0. Then we define: 

,GL2(Q 
^B(Qj,) 



U{V) := B{P) e (lndB[^^^5^^^x'=-iunr(a-i) ® x-^unr{pp-^)f° 



= (lndj;J^^5^^^unr(/?-^) ® x^-\nr{pa-^)f' © 

{lnd^^^^^^^x''-^uni{a~^) © x-^niiplS-^))^" ■ 
In that case, n(y) can also be written: 

(lnd^J^^^5^''^unr(/3-i) ®e'=-2unr(/-^a-^))'^° © 
(lnd^J^^5^^^e(e^-2unr(p'=-ia-i)) © e-\nv{(3-^)f 

where one can see some symmetry (Indg|^*-^^''xi © X2)'^° © (I^dg|^''^^''ex2 © £~^Xi)'^° ■ 

We will now try to "justify" these definitions, or at least explain where they are coming from. 
We also start studying 11(1/). 

Let 7r(a) := Sym'^'^^E^^ ©£; Indg|^*'^^'*unr(a~^) © unr(p/3~^) (the parabolic induction is here the 
usual smooth one): -7r(a) is an irreducible locally algebraic representation of GL2(Qp) in the sense of 
D. Prasad (see appendix to jSH). Likewise, we define 7r(/3) := Sym'^'^E^^ ©^ Indg|^*''^''''unr(/3~^) © 

unr(pa~-^). There are closed GL2(Qp)-equivariant embeddings 7r(a) ^ LA{a) (resp. vr(/?) ^ 
LA{P)) identifying the source with the subspace of functions f : Qp ^ E such that / \zp and 
(apP'^y^^^^^ z'^''^ f {1 / z) \zp (resp. {Ppa~^y^^^^^ z''''^ f {1 / z) \xp) are locally polynomial functions on 
of degree at most k — 2 (using @). Moreover, the usual intertwining operator between smooth 
generic principal series induces a GL2(Qp)-equivariant isomorphism: 

(12) / : 7r(a) ~ tt{P). 

See H24|) and H25() later in the text for an explicit description of /. 

Remark 7.2.1. The smooth principal series Indg|^^^''''unr(Q~^) ©unr(p/?^-^) is natural to introduce 

here since it is exactly the smooth representation of GL2(Qp) that corresponds under the local 
Langlands correspondence (slightly twisted) to the unramified representation of Wq^ sending an 



arithmetic Frobenius to ( ^ on D{a,P). 
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Theorem 7.2.2. 1) Assume va\{a) < k-1 (hence val{l3) > 0) then B{a) / L{a) (resp. B{(3)/L{[3)) 
is isomorphic to the completion of n^a) (resp. vr(/3)J with respect to any 0-lattice of n^a) (resp. 
7r{P)) which is finitely generated over GL2(Qp). 

2) Assume val(a) = k — 1 (hence val(/3) = 0) , then N{a)/L{a) (resp. B{(3)) is isomorphic to the 
completion of Ti{a) (resp. vr(/3)j with respect to any 0-lattice of Ti{a) (resp. vr(/3)j which is finitely 
generated over GL2(Qp). 

Note that we don't know a priori in 1) that such a lattice exists in 7r(a) or 7r(/9). In case not, 
the statement means B{a) / L[q) = = B((3)/L(f3). Before giving the proof of Theorem 17.2.21 we 
mention the fohowing four coroharies: 

Corollary 7.2.3. Assume val(a) < k — I, then B{a)/L{a) and B{f3)/L{l3) are unitary GL2(Qp)- 
Banach spaces and we have a commutative GL2{Qp)-equivariant diagram: 

B{a)/L{a) ~ B{(3)/L{p) 
T T 
7r(a) ~ 7r(/3) 



where I is the intertwining operator of 171 

Proof. The statement follows from Th l7.2.2l together with the fact that the isomorphism / obviously 
sends an 0-lattice of 7r(a) of finite type over GL2(Qp) to an 0-lattice of vr(/3) of finite type over 
GL2(Qp). □ 

We will see later on that B{a)/ L{a) and B(f3) / L{(3) are topologically irreducible and admissible. 

Corollary 7.2.4. Assume val(a) = k — \, then we have a commutative GL2{Qp) -equivariant dia- 
gram: 

N{a)/L{a) ~ B{I5) 
T T 
7r(a) ~ 7r(/3) 

where I is the intertwining operator of \li3fl . Moreover, N{a)/L{a) is a topologically irreducible 
admissible unitary GL2{'Qp)-Banach and B{a)/L{a) is an admissible unitary GL2{Qp) -Banach 

of topological length 2 which is a non-trivial extension of the Banach (lndg|^^^*'i;'^~\inr(a^^) 
x-Wr(p/ri))^'' by the Banach N{a)/L{a) ~ B{p). 

Proof. The first part follows from Th l7.2.2l as previously. The unitary GL2(Qp)-Banach B(P) is 
admissible and topologically irreducible. The admissibility is true for any Banach (lndg|^^^^^xi ® 

X2) with integral Xi ™d follows from the fact that restriction of functions to GL2(Zp) induces an 
isomorphism with (ind'^^^^'^^^ xi^X2)'^ , the dual of which is £'(8>(0[[GL2(Zp)]](K)0[[B(2p)]]0) (the map 

B(Zp) being ( ^ ^ j Xi{0')X2{d)) which is obviously of finite type over E 0[[GL2(Zp)]] 



^0 d^ 

(this proof is extracted from 03)- The irreducibility can be proved as follows: if i? is a closed non 
zero GL2(Qp)-equivariant vector subspace in B{P), then B is also admissible and B^"^ 7^ by the 
density of locally analytic vectors (see Schneider and Teitelbaum's course). But the locally analytic 
vectors in B{P) are just LA{P) hence tt{(3) C B since tt{(3) is the unique irreducible subobject of 
LA{l3). But 7r(/3) is dense by ProD l7.2.'^ hence B = B{[3). This proves the statement on N{a)/L{a). 
The proof that B{a)/L{a) is admissible of topological length 2 is analogous. The exact sequence 
is non-split because the analogous exact sequence with locally analytic vectors is non-split thanks 
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to Cor l7.2.51 below (and the structure of locally analytic principal series for GL2(Qp)). Finally, 
let us prove that B{a) / L{a) is unitary. We will use the fact that the surjection B{a) / L{a) 

{ln.(^^^'^^\^~^\xm{or^) x^^\xm{pl3~^)f admits a continuous section (not GL2(Qp)-equivariant 

of course). This follows from ©, (|10|) and the fact that, for any positive integer n, the n*^-derivation 
map C^{Zp,E) -» C^{Zp,E) admits a continuous section fCor l6.1.5|) . Thus, as a Banach space, we 
can write B{a)/ L{a) as: 

(13) 5(/3) e {lnd^^^^^^^x^-\nr{a-^) ® x-\nv{pp-^)f° . 

Since the matrix ^ ) acts continuously on B{a)/L{a), replacing the unit ball B{(3)^ of B{P) by 



vO P 

p^'^B(f3)^ for a convenient integer n, we can assume, using H13() and the fact that the two Jordan- 
Holder factors of B{a) / L{a) are unitary, that the unit ball of B{a) / L{a) is preserved by ^ 

and GL2(Zp), hence by GL2(Qp) using the Cartan decomposition and the integrality of the central 
character. □ 

Corollary 7.2.5. Assume val(a) < k — \ and B{a) / L{a) ^ (this fact will he proved later on), 
then we have a continuous GL2{Q.p)-equivariant injection: 

LA{a) e,(,) LA(/3) ^ {B[a)/L{a)r 

where 7r(a) embeds into LA{(3) via the intertwining 

Proof. We have a continuous equivariant injection LA{a) ^ {B{a)/ L{a))'^'^ by ^ (it is injective 
since, otherwise, 7r(a) would necessarily map to zero and we know this is not true because of 
Th l7.2.2|) . Likewise with /3. The corollary then follows from Gor l7.2.3l □ 

Because of Cor l7.2.6l below. I am tempted to conjecture that the injection in Gor 17.2.51 is actually 
a topological isomorphism. The statement of Gor l7.2.5l (without the description of the completion 
of 7r(a) as B{a)/L{a)) was also noted in '19", Prop. 2. 5. 

Corollary 7.2.6. Assume val(a) = k — 1, then we have a topological GL2{Qp)-equivariant isomor- 
phism: 

LA{a) ©^(«) LAip) ^ {B{a)/L{a)f'' 
where 7r(a) embeds into LA{f3) via the intertwining 

Proof. Since all the Banach in (|llj) are admissible by Gor l7.2.'Il a theorem of Schneider and Teitel- 
baum tells us that we have an exact sequence of locally analytic representations from the sequence 

(14) ^ LA(/3) ^ (f|^)"-^ (lnd5;J^Qj5^'')x'=-W(a 1) x" W(p/r'))'" ^ 

where we have used {N{a)/L{aY'^ ~ B{(5Y^ ~ LA{(3). But we also have a continuous GL2(Qp)- 
equivariant injection LA{a) ^ {B{a)/L{a)Y^ as in Gor l7.2.5l hence a continuous GL2(Qp)- 
equivariant map LA{a) ©^(q) LA{I3) {B{a)/ L{a)Y'^ . To prove it is a topological bijection, 
note that from the exact sequence of locally analytic representations: 

^ 7r(a) ^ LA{a) ^ {ind^^^'^'^ x''-\nv{a-^) © x~^unv{pp-^ ^ 0, 

we deduce an exact sequence similar to (fTl|) with {B{a)/ L{a)Y'^ replaced by LA{a) ©7^(0) LA{P)), 
together with an obvious commutative diagram between the two exact sequences. □ 
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Proof of Th l7.2.2l Note first that the completion of 7r(a) doesn't depend on which lattice of finite 
type is chosen (if any) since all these lattices are commensurable and thus give rise to equivalent 
invariant norms. Moreover, this completion is also the same as the completion with respect to 
any 0-lattice finitely generated over B(Qp). Indeed, any 0-lattice of finite type over GL2(Qp) is 
of finite type over B(Qp) since GL2(Qp) = B(Qp)GL2(Zp) and the GL2(Zp)-span of any vector in 
7r(a) is finite dimensional. Conversely, one can check using the compacity of GL2(Zp) that any 
0-lattice of finite type over B(Qp) is contained in an 0-lattice of finite type over GL2(Qp) (and is 
thus commensurable to it). If 7r(a) admits an 0-lattice preserved by B(Qp), then one can check 
that the following 0-submodule: 

k-2 k-2 

J2&[mp)]z'lz, + 5]0[B(Qp)](apr')^"'(^)^^lQ,-pZ, 

j=0 j=0 

(viewing TT{a) as embedded into LA{a)) is necessarily an 0-lattice of 7r(a) which is finitely generated 
over B(Qp). If 7r(a) doesn't admit any 0-lattice preserved by B(Qp), then one can check that the 
above 0-submodule is the i?- vector space 7r(a). The dual of the sought after completion of 7r(a) is 
thus isomorphic to: 

(15) {/iG7r(a)* | V5 G B(Qp), Vj G {0, • • • , A; - 2}, |/x(5(znzj)| < 1 

and Hg{iapr'y^'^'^znQ^.pz,))\ < 1} €^0 E. 

Granting the fact that the central character is integral, we can even take g G ^ Q^) ™ (|15() . 

For / G vr(a), seeing / as a function on Qp via ®, we write f{z)fj,{z) instead of /u(/) in the 
sequel. A short computation then gives that the conditions in H15|) are equivalent to the existence 
for each of a constant G E such that Va G Qp, Vj G {0, • • • ,k — 2} and Vn G Z, n > val(a) if 

(16) / {z-ayfi{z) G C^p"(^-"^'(°))0 

(17) / (^)™i(^-'^)(^_a)'=-2-^V,(z) G C^p"MH~^)0 

where fjjf{z)fi{z) := f{z)lu{z)fj.{z) for any open U C Qp. Let us now first assume val(a) < 
k — 1. From ()16|). we deduce (modifying if necessary): 

(18) / ^a^y.l(z-a)^^ _ „)fc-2-j^(^) ^ C^p"(™l(-)-.-)0. 
i(a+p"-iZp)-(a+p"Zp) P 

Writing Qp-(a+p"Zp) = Qp-(a+p""iZp)n(a+p"-iZp)-(a+p"Zp), using (0 for the right hand 



we 



side and decomposing again Qp — (a +p" Zp) = Qp — (a+p"- Zp)II(a+p" Zp) — {a+p"- 
see by induction that _i^a+p"Z ) (^)^'^'''^ "'\z—ay~'^~^fi{z) for j > val(a) is uniquely determined 
and that (|17|) for j > val(a) is a consequence of (|16p . Furthermore, we see by the same argument 
that (|17j) for j = val(a) (if val(a) is a positive integer) and all a follows from (|17jl for j = val(a), 
= and from (|16|) (develop {z — a)^~'^~^ when n <C 0). Moreover, we know by Lem J6.2.'^ that 
(|16|) for j > val(Q!) is a consequence of (|16p for j < val(a). Hence, (jl6j) and (|17|) are equivalent 
to: (dni) for j < val(a) and a G Qp + ((IZI) for j < val(a) and a G Qp + jUI) for j = val(a) 
and a = 0. Any /x G 7r(a)* is equivalent to the data of a pair (;Ui,/i2) where, if / G vr(a), 
/o /(^)/"(^) = /z f{pz)l^i{z) + /z (ap/3""^)™^^''V(l/^)/"2(2:)- Assuming j < val(a), we then see 
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by an easy computation (left to the reader) that [ (jlbf) for j = val(a) + (jlOj) for j < val(a;) and 
a e Qp + (CHI) for j < val(a), a = and n > + ^ for j = val(a) and a = + ((III) for 
j < val(a), a = and n < 0] is equivalent to fii and ^2 satisfying condition ((5)) of Lem l6.2.Sl with 
r = val(a) and d = k — 2. Hence /xi and /i2 are in fact tempered distributions on Zp of order val(a) 
by Cor l6.2.71 Thus we can integrate any function in B(a) against /i, in particular the functions 
of L{a). By making n tends to —00, we see that ()16() for j < val(a) and a = implies /x cancels 
the functions G L{a). By making n tends to +00, we see that H17|) for j < val(a) implies /i 

cancels the functions (^9^^^^^^ "'\z — a)^""^"^ G L(a). Now, the reader can check that ^ui and 
/i2 being tempered of order val(a) together with these cancellations is in fact equivalent to H16() 
for j < val(a) and a e Qp + (|T7|) for j < val(a) and o € Qp + (fT7|) for j = val(a) and a = 0. 
This gives a GL2(Qp)-equivariant isomorphism between the dual of the completion of 7r(a) in (jlSf) 
and (-B(a)/L(a))*. A closer examination shows that this is a topological isomorphism of Banach 
spaces and thus {B{a)/ L{a))* is a unitary GL2(Qp)-Banach space. Using the closed embedding 
B{a)/L{a) ^ {{B{a) / L{a))*)* ^ we see that the GL2(Qp)-Banach B{a)/L{a) is unitary since it 
is closed in a unitary GL2(Qp)-Banach. This means that the canonical map ^{a) B[a) / L{a) 
induces a continuous GL2(Qp)-equivariant morphism from the completion of 7r(a) (with respect to 
any finite type lattice) to B{a) / L{a). This morphism is, as we have seen, an isomorphism on the 
duals for the strong topologies, hence also for the weak topologies (using the theory of |S3])- By 
biduality, we finally get 1) for B{a) / L{a) and also for B{j3) / L{(3) by interchanging a and (3. The 
proof of 2) is similar (and actually simpler since we only have to deal with j < val(a)), the only 
difference being that here, the conditions (jlOj) and ()17() only allow you to integrate functions in 
N{a) against /i (see the end of H6.2|l . 



8. Representations of GL2(Qp) and (y?, r)-MODULES I (C.B.) 

We now focus on the study of n(y) when V is irreducible. Quite surprisingly, this will crucially 
use the ((^, r)-module D{V) associated to V . We define here a topological space (lim^L»(y)) and 
give a first explicit description of it using the Wach module N{T) associated to a Galois lattice in 
V. We then give preliminary results on distributions on Qp naturally arising from ( lim^ D{V))^ 
via Amice transform. 

8.1. Back to ((/?, r)-modules. Let V be as in case 1) of Tl{V) as in ^Oand D{V) be the 
((/9, r)-module associated to V in ^3.11 Recall that we have defined in H3.3l a map ijj : D{V) D{V) 
which is a left-inverse of if (and hence a surjection). Define the following E'- vector space: 

I Vn G D{V), ^p{vn+l) = Vn, {vn)n & bounded sequence in D{V)}, 

(recall that hounded means bounded for the weak topology which was defined in ^5.2|) . We equip 
the above space with the following structures: 

1) a left 0[[X]]-module structure, by s((t;„)„) := ((<c"(s)?;„)„, if s G 0[[X]] 

2) a bijection ip given by ^{{vn)n) ■= ii'{vn))n 

3) an action of T given 7(('Un)n) := {7Vn)n- 

The aim of this lecture and the next one is to prove a "canonical" topological isomorphism: 
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Theorem 8.1.1. Assume that V is absolutely irreducible. There is an isomorphism of topological 
E -vector spaces (for the weak topologies on both sides): 

(limL>(F))^ ~ n(F)* 

such that the action of on Il{y)* corresponds to {vn)n ^ ^he action of 

to that ofTc^ Zp and the action of ^ to the multiplication by (1 + X)'^p . 

Such an isomorphism was inspired by an analogous isomorphism due to Colmez in the case V is 
semi-stable non crystalline Ql6jl. 

Before proving this theorem, we will need to establish a number of preliminary results. Let T 
be a GQp-stable lattice in V. First of all, because V is assumed to be crystalline, we can write 
D{T) = (8>Zp[[x]] N{T) where N{T) is the Wach module which we have constructed in ^ This 
is a free 0[[X]]-module of finite rank and thus it is equipped with the (p, X)-adic topology. The 
first result which we will need in order to prove theorem 18.1.11 is the following one: 

Proposition 8.1.2. Let T be a GQ^-stable lattice in a crystalline, irreducible representation V 
with Hodge-Tate weights and r > and let]mi^N{T) denote the set of ^p- compatible sequences 

of elements of N{T). Then the natural map: 

(limiV(r)) (^0E^ (limL>(T/))*' 

is a topological isomorphism. 

Proof. The main content of this proposition is the explicit description of the topology of D{V) in 
terms of N(T) which we have given in fjSJand its interaction with ip. Recall that for each A; > 0, 
we define a semi-valuation on D{T) as follows: if x £ D{T) then Vkix) is the largest integer 
j G ZU {+cxd} such that x G N{T) + p^D{T). The weak topology on D{T) is then the topology 
defined by the set {vk}k>o of all those semi-valuations. The weak topology on D(y) is the inductive 
limit topology on D{V) = Ui>QD{p~^T). Concretely, if we have a sequence {vn)n of elements of 
D{V), and that sequence is bounded for the weak topology, then there is a GQ^-stable lattice T of 
V such that w„ E D(T) for every n > and furthermore, for every k > 0, there exists f{k) € Z such 
that Vn G X-f'^'''iN{T)+p''D{T). Recall that we have proved (cf. Th tOlT) that if V is crystahine 
with positive Hodge-Tate weights, and £ > 1, then: 

ij{X-^N{T)) C p^-^X-^N{T) + X-'^^-^'^N{T) 

by iterating this m times we get: 

^'^\X-^N{T)) C p'''^^-^^X-^N{T)+X-^^-^^N{T). 

Choose A; > and £ > 2 such that u„ G X~^N{T) + p^D{T). Since f„ = ■ip"^{vn+m) for every 
m > 1, we see that Vn G p™(^~^)X-^A^(r) + X'^^'-'^'^ N{T) +p^D{T) for ah m and by taking m 
large enough we get that f„ G X^^^^^^N{T) +p^D{T) so that if £ > 2 then we may replace it by 
l — l. Hence, for every A; > 0, we have Vn G X~^N{T) -\-p^ D{T). This being true for every k, we get 
Vn G X~^NiT). We will now prove that Vn G N{T) if V is irreducible (it is in fact enough to assume 
that the (/^-module Deris (^) has no part of slope 0). Indeed, both X~'^N{y) and N{V) are stable 
by il) and we have seen in proposition I5.5.!2] that the map ijj : tt'"^ N (V) / N {V) 'K~'^N{V)/N{y) 
coincides, via the identification -k^^ N iV) / N iV) = DcrisiV) given by 'k~'^x ^ x, with the map 
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(/? -"^ : -Dcris(^) Dcrisiy)- If DcrisiV) has no part of slope 0, then tp ^ as m ^ oo and so 

for every e there exists m such that tp'^iX-^ N{T)) C p'^X'^NiT) + N{T). Consequently, we have 
Vn £ N(T) for all n > 0. To finish the proof of the proposition, note that lim^ N{T) is compact 
and that the map: 

limiV(r) ^ (limDjT))^ 

is a continuous isomorphism, so that it is a topological isomorphism. The proposition follows by 
inverting p. □ 

Next, recall that in Prop l5.5~3l we have seen that if F is a crystalline irreducible representation 
whose Hodge- Tate weights are > 0, then we have an injective map N{T) ^ TZ'^ (giQ^ DaisiV). 
Now let V = VcrisiD{a, (3)), V irreducible. Given a sequence {vn)n G lim ^ A^(r) we can write 

Vn = 'Wa,n ® Cq, + Wi3^n ® 6/3. Recall that we write Tl~^ for E '^q^- 

Proposition 8.1.3. Given {vn)n G (lim^ N(T)) 00 E, the sequences {wa,n)n and {wp^n)n of ele- 
ments of TZ'^ defined above satisfy the following properties: 

1) y n>0, Wa,n (resp. wp^n) is of order va\{a) (resp. val(/3)j and ||tyQ,n||vai(a) (resp. ||u^/3,n||vai(/3)j 
is hounded independently of n 

2) y n > and M m>l, we have 

+ w^/3,n® e^) G Fil°((Qp(/ipm) E)[[t]] ®ED[a,P)) 

3) M n>l, 1p{Wa,n) = a~'^Wa,n-l and ■0(^«/3,n) = P~^Wi3^ri-l- 

Proof. We can always change T in order to have {vn)n £ |im ^ N(T) which we now assume. Let 

Ca : A^(r) — > Tl~^ be the map which to x = Xq, (gi Cq, + X/j C/j assigns Xq. 

To prove that Ca{N(T)) is of order < val(a), we use the following characterization of elements 
of order r in 7^^. Recall that 7^^ is included in a larger ring TZ'^ := nn>o¥'"(IB^;g) on which ip 
is a bijection and which has a topology defined by the family of semi- norms || • \\d where D runs 
over all closed disks of radii < 1. Fix one such closed disk D = D{0,p) of radius p < 1. We 
say that / G is of order r if the sequence is bounded independently of m. 

We can then define ||/||z),r := sup^{p~"^'^\\ip~^ fWo)- The norms || • \\D,r (which depend on the 
choice of D) are equivalent to the norms || • ||r defined in Indeed, if Dr has radius r, then 

||'/'~'^/||Dr = ll/ll-D i/pm and one recovers the definition of order as "order of growth". 

Now if X S N{T) and x = Xq, Cq, + x^g e^g then: 

and the set of (p~'^{x) is bounded for any || • ||_d norm (because x G A"^[l/X] <^Zp T) so that the sets 
{(/9~'"(xQ,)a~'"} and {(/?~™'(x/3)/3~'"} are both bounded. It thus follows that Xq is of order val(a) 
and x/3 of order val(/3). We have proved that the image of Cq, is made up of elements of order val(a) 
and it is bounded in the || • ||vai(o) norm because A''(r) is an 0[[X]]-module of finite type. The 
same holds with (3 in place of a of course. For the second point, we use the fact that Vn G N(T) so 
that for all m > 1 we have 'p~^{vn) G -Bj^ V . On the other hand by the results of "iA.W (see 
ProD l4.1.2|) we have ip~'^{vn) G {QpiPp-^) ®Qp E){{t)) ®e D{a,(3) and therefore: 

^-"^{vn) G {Bj^ ®Qp V) n ((Qp(/xp™) E){{t)) Dia,(3)) 

= FilO((Qp(/Xp™) <S,Q^ E)i{t)) ®E Dia,f3)). 
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Since the weights of the filtration on D{a, j3) are negative, we can replace (Qp(/ip"i) E){{t)) by 
{QpilJ-p"^) <XiQp in the Fil°. Finally, the third point is obvious since Vn-i = ip{vn) and ip acts 

as ip~^ on DcrisiV)- □ 

Proposition 8.1.4. Conversely, if we are given two sequences {wa,n)n and {wj3^n)n of elements 
of T^g satisfying properties l)-3) of Prov \8.1~^ and if we set Vn '■= Wa,n ® Cq, + W(j^n ® ^p, then 

{Vn)n&i^^N{T))(^0E. 

Proof. It is enough to show that there exists a lattice T such that Vn € N{T) because condition 
3) of ProplHISl ensures that the sequence {vn)n is '(/'-compatible. Choose any lattice U. By the 
results of ^and ^SKmore specifically proposition 15.5.3( 1. we know that Vn S 7^^[l/t] (Xi0[[x]] ^{U). 

Condition 2) of proposition 18.1.31 then implies that Vn G T^eI-^/-^] '^0[[^]] -^(^)> because the 
filtration condition for m > 1 is equivalent to an order-of- vanishing condition at e^"^^ — 1, and 
implies that Vn S TZ'^[(p^^^^ (q) / 1] <8i0[[x]] ^{U)- By using this for each m > 1, we get that Vn € 

n+[i/x] ®0[[^]] N{u). 

The ^/^-compatibility allows us to get rid of the denominators in X. Finally, condition 1) tells us 
that there exists £ independent of n such that u„ G p~^N{U) so we can take T = p~^U. □ 

It is important to notice that the map tp : N{T) — > N{T) is not surjective. Recall that we have 
in particular proved in ProD l5.4~T] the following result (we actually proved more, and we proved it 
for Qp-linear representations, but as usual the i?- linear result follows immediately): 

Proposition 8.1.5. IfV is crystalline absolutely irreducible, then there exists a unique non-zero E- 
vector subspace D^{V) of D{V) possessing an 0-lattice D^{T) which is a compact 0[[X]]-submodule 
of D(y) preserved by tp and T with %[) surjective. 

In fact, as we saw, the lattice D^{T) is of finite type over 0[[X]]. The following corollary will be 
used in ^9.31 to prove the irreducibility of n(y) (for V irreducible): 

Corollary 8.1.6. Let Ai C lim ^ N{T) be a closed non zero 0[[X]]-submodule which is stable by 
ip, ip"^ and r, then: 

M®0E = (limiV(r)) ®qE= [\\mD{V)f. 

Proof. Note first that since lim ^ N{T) is compact, so is M (being closed in a compact set). For 

m £ Z>o, denote by pr„ : }im^ N(T) — > N{T), {vn)n ^ and define Mm ■= pr^(A^). As / 0, 

there exists m such that Mm ^ 0. Using that Ai is stable by tp and it is straightforward 
to check that Mm doesn't depend on m and we denote it by M. Via M = Mq, it is an 0[[X]]- 
submodule of N{T) (necessarily of finite type since N{T) is) stable by F and ip and such that ip is 
surjective. Moreover, the canonical map Ai — > lim^ M is easily checked to be an isomorphism since 

Ai is both dense in lim^ M and compact (the density follows from M = pr^(A^) V m). Doing the 

same with lim^ A'^(r), we find another (finite type) 0[[X]]-submodule M^ of N{T) containing M 

stable by F and ip with ip surjective and such that lim^ N{T) = lim ^ M*^. By Prop 18.131 we have 

thus M 00 E = M° 00 E and there exists a G E"" such that M C M° C aM. Hence, we have 
(lim ^ M) 00 E ~ (lim ^ M^) 00 E which finishes the proof. □ 
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8.2. Back to distributions. Recall from H6.2I that Yln=o Iz (n)/^(-^)"'^" gives a bijection 

between TZ~^ and "S- valued" locally analytic distributions on Zp (some people write ^^fi ^ (1 + 

Xyfi{z)") which induces a bijection between elements of TZ~^ of order r and tempered distributions 
of order r. We will need the following easy lemma (we leave its proof to the reader): 

Lemma 8.2.1. If w ^ TZ^ corresponds to fi, then ^(tw) G corresponds to the unique locally 
analytic distribution il^{fJ.) on Zp such that: 

[ f{zmi^){z) := [ f{z/p)f^{z) 

for any locally analytic function f on Zp. 

We have an analogous lemma for tempered distributions of order r and functions of class C 
(as one easily checks that ip preserves elements in TZ'^ of order r). In particular, if {fin)n£Z>o ^ 
sequence of tempered distributions on Zp of order r such that ^(^„+i) = fin, can define a linear 
form fj, on the £'-vector space LPolc,fc_2 of locally polynomial functions / : Qp E with compact 
support of degree less than k — 2 as follows: 

/ f{z)f,{z) = [ f{z)f,{z) := / f{z/p^)M^) 
jQp Jp-^Zp JZp 

where G Z>o is such that supp(/) C p~^'Lp. One readily checks using Lem l8. 2.11 that it doesn't 
depend on such an A^. 

Let {vn)n = {wa,n ® s-a + wp^n ® ep)n G (^im ^ N {T)) 00 E. Recall this means (Prop IHISl and 
PropED: 

1) V n > 0, Wa,n (resp. W/3,„) is of order val(Q) (resp. val(/3)) and ||tL'Q,,n||vai(a) (resp. ||iL'/3,n||vai(/3)) 
is bounded independently of n 

2) V n > 0, V m > 1, (^""^(u^^.n ® e« + wp^n ® e^) G Fil° ( (Qp (/ipm ) E)[[t\] <S)e D{a,(3)) 

3) V n > 1, lp{Wa,n) = a~^Wa,n-l, ^{wp^n) = Z?""^ W/3,n-l • 

Lemma 8.2.2. Let Wa, wp G ^1%, m G N and fia, the locally analytic distributions on Zp 
corresponding to Wa, wp. The condition: 

^-"^{wa^^e^ + wp^ep) G Fil°((Qp(//p™) E)[[t]] CdED{a,[j)) 

is equivalent to the equalities: 

for all j G {0, • • • , /c — 2} and all primitive p^ -roots Qpm of 1. 

Proof. Here C,pm is considered as a locally constant function "Zp ^ E (enlarging E is necessary). 
Fixing (^pm a primitive root of 1, we have: 

if-'^iX) = (Cp™ l)e*/f™ - 1 = (Cp- l)(e*/P'" - 1) + Cp- » 1 - 1 

in (Qp(/ipm) (8)Qj, E)[[t]] (see previous lectures). Writing vua = Y^t^ '^i^^ a,nd wp = 
the condition on Fil" is equivalent to: 

+ 00 +00 

(Qp(/ipm) E)[[t]]{ea + e/3) (e*/P'" - l)''-\{Qp{fip^) 0Qp E)[[t]]ea) 
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noting that e'/P™ — 1 generates gi'^(Qp[[i]]) = Qpi- Assuming E contains QpilJ-p^), we have: 

and writing the binomial expansion of ip^"^{Xy = (Cp'^Ce*^^™ — 1) + (pm — 1)*, a simple calculation 
gives that the above condition is equivalent to the equalities: 



(19) E «4 J (^P'" - 1)"' = E J (^P'" - 1)'"' 

i=j vjy \j/ 

for j G {0, ••• ,/c — 2} and all primitive p'^-roots Cp™ of 1- Using a, = /^^ [f)fia{z) and the 
elementary Mahler expansion: 



we obtain: 



i=j ^ ' P j=j 



Jzp \3J ^ 

and likewise with f3i and /i^. Using (|19l) . we easily get the result. □ 

For n G Z>o, let be the tempered distribution on Zp of order val(a) associated to a^Wa,n- We 
have 'ip{na,n) = Aio,n-i for n S N and can thus define Ha G LPol*;j_2 (algebraic dual of LPolc,fc-2) 
as before: 

(20) / fiz)fia{z) := / /(z/p^)^,,^(z). 

Jp-^Zp 



Likewise with /3 instead of a. By Lem lH-'i."^ we have that condition 2) above on {wa,mWf3,n)n is 
equivalent to: 

(21) a'"-" / Z^C;mflaA^)=P'^-^ [ Z^C^mf^p^niz) 

for j E {0, • • • , fc — 2}, n > and m > 1. 

Fixing embeddings Q C, Q Qp and using the identification Qp/Zp = Z[l/p]/Z, we can 
"see" e^^^^^ in for any z G Qp. 

Corollary 8.2.3. Condition 2) above is equivalent to the equalities in Qp/ 

Jp-NZp ^P^ Jp-NZp 

for j £ {0, - ■ ■ ,k- 2}, 2/ G Qp and N > val(y). 

Proof. This follows from (|2U() and 1)21^ noting that the algebraic number e^^'^^^^^ is a primitive 
p^-™Hy).root of 1. □ 
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9. Representations of GL2(Qp) and ((/?, r)-MODULES II (C.B.) 

We still assume V absolutely irreducible as in ^7.11 The aim of this section is to construct a 
topological isomorphism (lim ^ D(V))^ ~ n(y)*, more precisely a topological isomorphism: 

Qim NiT))(g)0Ec:,{B (13) /LiP))*. 

We then deduce from this isomorphism that 11(1/) is non zero, topologically irreducible and admis- 
sible. These three statements were conjectured in j2j and (and already known in some cases by 
a "reduction modulo p" method, see jH] and Lecture 10). We also deduce a link with the Iwasawa 
cohomology -ff/„(Qp, V) of V. 

9.1. The map Ii{V)* {\\.ui^D{V)f. We first construct a map from {B{(3)/ L((3))* to the space 
(lim N{T)) 00 E. Note that any / in TT{a) or tt{P) which has compact support as a function on 

Qp via @ is an element in LPolcfc-2- Recall that / : -7r(a) ~ 7r(/3) is the intertwining operator of 

m- 

Lemma 9.1.1. Let fJ-a^fJ-is G LPol*;j_2. The following statements are equivalent: 
1) For j G {0, • • • , A; - 2}, y G and N > val(y), we have: 

(22) / z^e2-^V„(z) = (^)™'^'^ / _ z^e^-^VM^). 



/ 



2) For any f G 7r(a) with compact support (as a function on Qp via ^) such that I{f) G vr(/3) has 
compact support (as a function on Qp via ^ ), we have: 

(23) / f{z)^^a{z) = / I{f){z)f,p{z). 

Proof. Note that a ^ (3 and a ^ p(3 (see ^7. If) hence the constant in (|23() is well defined and non zero. 
Recall the intertwining P"^ : Indg|j^*'^''^unr(Q!~^) ® unr(p/?~^) ~ Indg|^^'^''^unr(/3~^) Cg> unr(pa~^) 
is given by: 

where dx is Haar measure on Qp (with values in Q C E). In terms of locally constant functions on 
Qp via 0, we thus get: 

(25) P'^-.f^fz^f {apl3-^y^^'^'-''>f{z + x-^)dx = 

{Ppa-^y''^^''^f{z + x)dx 



This is in fact an algebraic intertwining. This means that we shouldn't bother too much about 
convergence problems in {Ppa~^y^^^^^ f {z + x)dx since, in fine, we can always replace the infinite 

sums around or — oo by well defined algebraic expressions in Ppa~^. Let j G {0, • • • ,k — 2} and 
fj ■ Qp ^ be a locally constant function with compact support such that P^{fj) also has compact 
support. Let fj be the usual Fourier transform of fj which is again a locally constant function on 
Qp with compact support. Recall fj{x) = Jq fj{z)e~'^^'^^^dz and fj{z) = Jq, fj{x)e^™^^dx (see 
the end of ^8.21 for g"^*'^^^) where dx, dz is Haar measure on Qp. The fact that P™{fj) has 
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compact support is easily checked with (|25|) to be equivalent to /j(0) = (for \z\ » 0, we have 
P'^ifj){z) = (/3pa-i)™i(^)/Q^/j(x)(ix = (/3pa-i)™i(^)/j(0)). Let G N be such that fj and 

P'^ifj) have support in p^^ljp and such that fj\pNi^ = 0. For z G p^^l^p, we have: 



I{z^f,){z) = {(5pa~^Y^'^-^f,{z + x)dx 

Decomposing p~^'Lp = p~^'Lp 11 p^^^^Z^ II • • • , a straightforward computation yields for > 
val(y): 

+00 



I {f3pa'^y''^^''^e'^'''''ydx = y if3pd-y e^^'^^'^dx = ^ 



/3J 



hence: 



(26) i{z^f,){z) = \^ [ My)^'e'-y(^Y'"^'\y 



for z G p and I{z^ fj)(z) = otherwise. Likewise, we have: 

(27) z^f.iz) = [ f,iy)z^e^'^^ydy 

jQp-p^Zp 

for z G p-^Zp and zVi(-z) = otherwise. Note that (HH) and (EH) are in fact finite sums over the 
same finite set of values of y (as fj is locally constant with compact support). Replacing I{z^ fj){z) 
and z^ fj{z) in (|28|) below by the finite sums (|26|) and (|27|) . we then easily deduce that the following 
equalities for various fj as above with support in p^^I^p. 

(28) / I{zi f,{z))^^p{z) = / z^ fi{z)^^o.{z) 
Jp-^Zp 1 - ^ Jp-^Zp 

are equivalent to the equalities in 1) (final details here are left to the reader). This finishes the 
proof. □ 

Let G {B{I3) / L{I3))* C vr(/3)*. Define a sequence of locally analytic distributions on Zp, 
,A'")a'"gZ>o ) follows: 

fiz)np,N{z) := / f{p^ z)iip{z). 
Jp-J^Zp 

One obviously has V'(/^/3,Af) = fJ'^,N-i by Lem l8.2.'Tl 

Lemma 9.1.2. The distributions /i/j^A? are tempered of order val{P) and ||/?~^/^/3,Af |lvai(/3) bounded 
independently of N (see H6.^ for the definition of this norm). 
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Proof. The fact that fi/s^N is tempered of order val(/3) is easy and left to the reader. Going back 
to the proof of Th l7.2.2l we know that fij3 satisfies in particular (|16|) and (|17|) . Hence, for a £ Zp, 
< j < A; - 2 and n G Z>o: 

For any locally analytic distribution fi on Zp and any r G such that r < A; — 1, define: 



Mr,k := SUp„GZpSUPjg{0,...,A:-2}SUp„eZ>o^'"^^ '''' 



(z-a)V(2) 



An examination of the proof of Lem l6.2.'^ shows that the norms || • ||^ and || • ||^ ^ are in fact equivalent 
(see also p3!§V-3-6). This implies: 

ll/?~^^/3,Af|lval(/3) ^ 4P~'^ fJ-l3,N\\Lm,k ^ c|C^^| 

for a convenient constant c G M"^. □ 

By Cor l7.2..'^ the intertwining / : 7r(a) ~ 7r(/3) extends "by continuity" to an intertwining 
/ : B{a)/L{a) ~ B{(3)/L{f3) and we define: 

^ p/3 

By restriction to LPolc^fc_27 Ma and //^ define elements of LPol* satisfying l\2'6\i by definition, 
hence by Lem ]9.1.Tl As in Lem l9.1.^ ^q, gives rise to a bounded sequence of tempered dis- 
tributions iJ,a,N on Zp. From Cor l8.2.cn and Lem l9.1.^ we get that Amice transform produces 
from {iJ,a,N)N and {^xp^n)n a sequence {vn)n = {wa,N ® Cq, + w^^jy ep)^ satisfying condi- 
tions 1), 2), 3) before Lem l8.2.^ hence {vn)n G (lim^ N{T)) (8)0 E. This defines a linear map 

{B{f3)/L{P))* (lim^ N{T)) 00 The continuity follows from the fact that the function "Amice 
transform" from the space of tempered distributions of order r on Zp with norm smaller than 1 
endowed with the weak topology of pointwise convergence to the subspace of of elements w 
of order r such that < 1 endowed with its compact topology induced by that of 7^^ is a 

topological isomorphism. Final details here are left to the reader. 

9.2. The map {lim^ D{V))^ Il{V)*. We now construct a map from (lim ^ N{T)) 00 E to 
{B{P)/L{/3))*. Let (f„)„ = {wa,n fX" -|- wp^n ® e/3)„ G (lim ^ <E)0 E and define /Xq, and iip as 

in 30 They are elements of Pol*_^,_2 satisfying ^ by Cov KT^ hence ^ by Lem Fmi 



Lemma 9.2.1. There is a unique way to extend and <is elements of respectively B{(3)* and 
B{a)* such that for any f G 7r(a) (seen as a function on Qp via 
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Proof. An easy computation using gives: 

(30) I{zn^^) = —^zn^^+z^[^) (1-lzJ 



a 



Since z^li^jj^aiz) and J"^ z^lz^fJ'/siz) are well defined, we see using (f^^ and (fHn|) that 

is uniquely determined. Then, using (|ST|) (and (PU)) ). we see that z-' — lpZp)fJ-a{z) is 
also uniquely determined. One readily checks that this defines unique extensions of fi/s and fia as 
linear forms on respectively 7r(/3) and 7r(a). To check that is in fact in B{(3)*, it is enough by 
Cor l6.2.71 to check that the relevant Amice- Velu condition (as in Lem ]6.2.'^ is satisfied by /i^ on 
each copy of Zp via ©• We already know it for the first one since Wjs^ is of order val(/3). For 
the second one, a straightforward computation via the definition of /2 in (exchanging a and /3) 
shows that we have to find a constant C^^ G E such that: 

(32) / (P^T'^'\'-'-^{l - azy^,{z) G C,,p"(^-H/^))0 

for a G Zp — {0}, j € {0, • • • , A; — 2} and n > val(a), and: 

(33) / ,,{z) e C,,p"O--'(/^))0 

for j G {0, • • • ,k — 2} and n G Z>o. From condition 1) before Lem l8.2.'^ we know there exists 
C^^ G S such that P'^ L+p^l^i^ " a)^M/3,A^(-z) e C/,^p"(^"''''^(^))0 for a G Zp and iV,n G Z>o. For 
a G Qp , let Ua := p™'(")a"^ G Z^. By ((201), the left hand side of ((SSJ is equal to (up to a unit in 



0) 

and we see, writing z^~'^~^ = {z — Ua + Ua)^^'^^-' = • • • and using the above bound with = val(a), 
that it belongs to: 

(7^^y,{val(a)-val(/3)-l)val(a)^(j-fc+2)val{a)^val{/3)val{a)^(n-val{a))O-val(/3))0 

which is exactly Cp^p"(^-™'(^))0 using val(Q) + val(/3) = k - 1. This proves H32() . To prove ((55]). 
one uses the equality (similar to (ISOJ): 



1 1 



1 _ ^ \pf3) 
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together with ((^ . the equaUties: 

Jp-"Zp JZp 

and the fact a~" z'^''^'^ fia,n{z) and /J"*^ z^~'^~^ np^niz) are bounded independently of n. The 
proof that extends as a distribution on B{a) is similar. □ 

By Lem ]9.2.Tl we have a continuous injective map (lim ^ N{T)) 00 E ^ B{f3)*, {wa,n ^ fia + 

wp^n ® ^p)n > (the continuity follows as in ^9.11 from the continuity of Amice transform and 
the injectivity is straightforward using Lem l9.2.T|) . With the action of GL2(Qp) deduced from ((TJ 
on the dual B(l3)*, it is an easy and pleasant exercise on Amice transform that we leave to the 

reader (using e.g. the formula (1 + X)^fj,{z)) to check that the induced action of ^ Q^^ '^^ 

(lim ^ N(T)) 00 E is indeed as in Th l8.1.ll In particular, it preserves lim^ N{T). 

Lemma 9.2.2. The distribution £ B{(3)* defined in Lem \y.2.1\ sits in {B{(3) / L{I3))* . 

Proof. The non zero compact 0-submodule of B{l3)* which is the image of }im^ N(T) is preserved 

by the action of B(Qp) since Q^^ generates Q^^ central character is integral. 

Let: ^ ^ 

vr(/3)°:=|/G7r(/3), / /(^H^) G V /i G lim iV(r) I . 
[ JQp V J 

We have that 7r(/3)°C tt{(3) is thus preserved by B(Qp). By [3ni,Lem.l3.1(iii), we also have that 
7r(/3)° 00 E = tt{(3) (using that 5(/3)* ^ tt{(3)* and thus that lim^ N{T) is bounded inside 7r(/3)*). 

By the same proof as for Th l7.2.2l (using that any ^ £ lim^ N{T) is such that \/ g £ B(Qp), 
V / € vr(/3)'^, \n{g{f))\ < 1), we deduce that any ^ £ B{(3)* which is in the image of hm^ N{T) 
cancels L{(3). Whence the result. □ 

By Lem ]9.2.'^ the above continuous injection (lim ^ N{T)) 00 E ^ B(f3)* takes values in the 

subspace {B {(3) / L{I3))* . It is easily checked that this map is an inverse to the previous one f ^9.1() . 
thus finishing the proof of Th l8.1.ll In particular, we have an isomorphism: 

Using Fontaine's canonical isomorphism (see e.g. [I5_i,§4.3): 



(34) Hl{Qp,V) := (limi/i(Gal(Qp/Qp(/ipn)),r)) 00 E ^ D{V) 

n 

for any Galois lattice T in y, we deduce the quite surprising corollary: 
Corollary 9.2.3. We have an isomorphism of (Z)\^p]\-modules: 

i^il(Qp,^)=^n(F)*VO V 
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where the 0[[7jp]]-module structure on the left hand side is coming from the action ofT and on the 
right hand side from the action of ^ 

When V is reducible (as in 2) and 3) of ii7.il) . it is not true that we have an isomorphism 
(lim D{V))^ ~ Il{V)* (although it is "almost true"). But if a / p''~^ and /3 / 1 (which always 



holds if V is coming from a modular form by the Weil conjectures), one can prove that there is still 

an isomorphism of 0[[Z^]]-modules i^/„(Qp, V) ~ U{V)* \^ P . 

9.3. Irreducibility and admissibility. We deduce from Th l8.1.l1 that. for V irreducible as before, 
n(y) is non zero, topologically irreducible and admissible. 

Corollary 9.3.1. The Banach B{a) / L{a) and B{l3) / L[(3) are non zero. 

Proof. This follows from (lim ^ D{V))'^ ^ which follows from DiV)^^^ ^ which follows e.g. 
from JHH). □ 

Corollary 9.3.2. The Banach B{a) / L{a) and B{[3) / L{0) are topologically irreducible. 

Proof. Assume there exists a (necessarily unitary) GL2(Qp)-Banach V together with a GL2(Qp)- 
equivariant topological surjection B{a) / L{a) V. We can find norms on the two Banach such that 
we have a surjection of unit balls {B{a)/L{a))^ V^. By duality, we get a GL2(Qp)-equivariant 
continuous injection of compact 0-modules: 

Hom0(y°,0) ^ Hom0((5(a)/L(a))°,0). 

We have seen that lim^ A^(r) is a compact 0-lattice of {B{a)/L{a))* which is preserved by B(Qp). 

Hence, multiplying by a scalar in if necessary, we get a continuous B(Qp)-equivariant injection of 
compact 0-modules Hom0(y'^, 0) ^ }im^ N[T). liV^O, Cor 18. 1 .51 together with the translation 

of the action of B(Qp) in terms of ip and T imply Hom0(y^, 0)®£' {B(a)/ L{a))* , which implies 
B{a)/L{a) ^ V. Hence B{a)/L{a) (and B{I3)/L{0) by Coi WT^ is topologically irreducible. □ 

We see from the previous proof that B{a) / L{a) and B{f3) / L{[5) are even topologically irreducible 
as B(Qp)-representations. 

Corollary 9.3.3. The Banach B(a)/L{a) and B{[3) / L{0) are admissible. 

Proof. We don't know if the compact 0-module lim ^ N{T) is preserved by GL2(Zp) inside 

(limD(y))^ ~ {B{a)/L{a))\ 

but we can replace it by M. := ^geGh2{ip)9(^I^^ -^(^)) ^ lim ^ N{T) which is a non zero compact 
0[[X]]-submodule as in Cor l8.1.6l (since it is easily checked to be preserved by B{Qp) using the 
Iwasawa decomposition of GL2(Qp)). Note that there are now two natural structures of 0[[X]]- 
module on Ai : the first is the one already defined and the second is: 
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Equivalently, the first is such that multiplication by {1+X)^p corresponds to the action of 

and the second is such that multiplication by (1 + X)^p corresponds to the action of . We 

have seen that M = lim^ M (see proof of Cor lSXH]) with M of finite type over 0[[X]], M C iV(T) 
and -0 surjective on M. Let prg : 7W ^ M be the projection on the first component and define 

Af := Ker(pro) C M. The map J\f ^ M, v pro( ^ ^ is injective: if v maps to 0, its 

associated distribution /x E B{a)* ~ C™i(°)(Zp, S)* C™'(")(Zp, (see ©) is zero on both 
copies of C^^^(")(Zp,^) hence is zero in {B{a)/L{a))* . Thinking in terms of distributions again, 
we also see that M is an 0[[X]]-module for the first structure but only a (/3(0[[X]])-module for 
the second structure (recall from ((J)) and Th lS.l.ll that multiplication by ip{l + X) = (1 + X)p on 
distributions correspond to the change of variables z z + p on functions). Moreover, for this 
second action, the above injection A/" ^ M is (^(0[[X]])-linear. Since M is of finite type over 
0[[X]], hence over (/9(0[[X]]), we thus get that the (/?(0[[X]])-module M for the second action of 
(/7(0[[X]]) is of finite type. Now fix elements (ei, • • • , Cm) £ -M. (resp. (/i, • • • , fn) £ AA) such that 
prg(ei) (resp. fi) generate M over 0[[X]] (resp. M over (/?(0[[X]])). Let v £ M.. There exist 
Ai,-- - , Am in 0[[^]] such that v — X] AiCj G M. Then there exist Hi,--- , fin in vC^il-'^]]) such 

that V — XiCi = ^ l^i ^ fi- Since the Aj correspond to the action of elements in the 

group algebra of and the ^ fn ^ ^ correspond to the action of elements in the 

group algebra of ( 1 ^ ) , we see in particular that A4 is of finite type over the group algebra of 
GL2(Zp), whence the admissibility. □ 



10. Reduction modulo p (L.B.) 

In the £-adic case {I ^ p), Vigneras has proved that one can reduce the classical local Langlands 
correspondence over modulo the maximal ideal of and thus obtain a new correspondence 
between semi-simple representations over (PS|)- 

It is tempting to do the same here with V and n(y). That is, for any V as in H7.1\ we have 
associated a non zero unitary admissible GL2(Qp)-Banach U{V). Let U{V)^ C U{V) (resp. T C V) 
be any unit ball (resp. any 0-lattice) which is preserved by GL2(Qp) (resp. Gq^). In this last 
lecture, we want to state and prove some cases of a conjecture relating the semi-simplification of 
U{Vf 00 ¥e and the semi-simplification of T 00 F^;. 

10.1. Statement of the conjecture. In order to state the conjecture, we need to make lists of 
some 2-dimensional Fp-representations of Gq^ and of some Fp-representations of GL2(Qp). 

Let us start with those of Gq^. Let co be the mod p cyclotomic character seen as a character 
of Qp via class field theory, and let be the unramified quadratic character of Qp . We write i 

for the inertia subgroup of Gq^. Let a;2 : i ^ Fp^ be Serre's fundamental character of level 2 and 
for s G {0, • • • ,p}, let ind(a;|) be the unique (irreducible) representation of Gq^ whose determinant 
is u)^ and whose restriction to the inertia subgroup of Gal(Qp/Qp2) is © 0^2'^. We know that 
as r runs over 0, . . . ,p — 1 and as r] runs over all characters rj : Qp — > Fp^, the representations 
p{r,r]) := (ind(u;2)) rj run over all irreducible 2-dimensional Fp-representations of Gq^ and that 
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the only isomorphisms are: 

p(r, T]) ~ p{p — 1 — r, r/u;^) 
p(r, T]) ~ p{p — 1 — r, r]uj^ fi-i) 

2 

Now, we turn to representations of GL2(Qp). For r E {0, • • • ,p — 1}, let Sym''Fp denote the 
natural representation of GL2(Zp) acting through GL2(IFp) which we extend to GL2(Zp)Qp by 
sending p to 1. Let 

• jGL2(Qp) c J-ip-^ 
'"^GL2(Z,)Q-^y™ 

be the Fp- vector space of functions / : GL2(Qp) Sym'^Fp^ which are compactly supported modulo 
and such that f{kg) = Sym'' {k){f{g)) with the left action of GL2(Qp). 
For r e {0, • • • ,p- 1}, and A S F^, let 

vr(r, A, ,) := [(^nd^lf^f^^^ Sym%^) /(T - A)] ^ (, o det), 

where T is a "Hecke operator" which corresponds to the double coset 

GL2(Zp)Qp^ (J °) GL2(Zp). 

Those representation are irreducible, and all smooth irreducible Fp-representations of GL2(Qp) 
having a central character are given by (see P,!!],!!!): 

(1) rj o det where rj : Qp ^ Fp^ is a smooth character. 

(2) the Sp (8) (r/ o det) where Sp is the "Special" representation. 

(3) the 7r(r, A, 7?) where : Qp —>■ Fp^ is a smooth character and r G {0, ■ ■ ■ ,p — 1} and 
AefV\{-l,l}. 

When A 7^ 0, the 7r(r, A, ??) have no non trivial intertwinings (unless A = ±1, in which case there 
are some "easy" ones, see j2j) and when A = 0, the only isomorphisms are: 

7r(r, 0, 1]) ~ 7r(r, 0, ?7/U_i) 

7r(r, 0, rj) ~ tt(p — 1 — r, 0, rjuj^) 

■K{r, 0, 7]) ~ 7r(j) — 1 — r, 0, rju^ ji^i). 

This certainly suggests that there is a correspondence between the representations p of Gq^ and 
the representations vr of GL2(Qp). More precisely, we define the following "correspondence" (|H1): 

Definition 10.1.1. If X = 0, then 

7r(r,0,r/) ^ p(r,r/) 

and if X ^ 0, then 

7r(r,A,7?r©vr([p-3-r],A-\a;^+ir?r- (™'^^~0^''"'' unr(A)) ®^ 

where unr(A) is i/ie unramified character sending Frohenius to \, ss denotes the semisimplification 
and \x\ is the integer in {0, • • • ,p — 2} which is congruent to x mod p — 1. 
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On the other hand, we have associated in the previous chapters a unitary representation n(y) 
of GL2(Qp) to a crystahine representation V of Gq^. Let V mod p denotes the semisimphfication 
of T/pT where T is some Galois invariant lattice of V and let n(y) be the semisimphfication of 
n°(y)/p where 11° (y) is some GL2(Qp)-invariant unit ball of UiV). 

Conjecture 10.1.2. The representation JI^{V)/p is of finite length (so that Il{V) is well-defined) 
and n(y) corresponds to V mod p under the correspondence of definition ] 10.1.l\ 

One application of this conjecture is that it is in principle easier to compute n(y) than to 
compute V mod p given Deris (^)- Note that using [2] and the definition of n(F), this conjecture 
is easily checked to be true when V is reducible. We thus only consider V irreducible in the sequel. 

For Op £ E with positive valuation, let V^^ap be the crystalline representation with Hodge- Tate 
weights (0, k — 1) such that -Deris ) = -Cfc,ap = Eei © £^62 where: 




'''' and Fit Dk,ap 

■ -ei + ape2 



Dk,ap if « < 0, 
Eei if 1 < i < /c 
ifi> k. 



In the notation of the previous lectures, we have Vk,ap = ^(c^; /?) where a and /? are the roots of 
the polynomial X"^ — apX + p^~^ = 0. The description with k and Op is a bit more convenient for 
computations associated to Wach modules. 

It is possible to compute I[{Vk^a ) "by hand" for small values of k and one deduces from IIU. 1.21 
some predictions for what V^^a mod p should be. Indeed, we have the following theorem (see [HI 
theoreme 1.4]): 

Theorem 10.1.3. Suppose that val(ap) > 0. 

(1) If2<k<p + 1, then li{Vk,ap) =Tr{k- 2,0,1). 

(2) Ifk=p + 2 andp^ 2, then 

(a) i/val(ap) < 1, t/ien TT(Vfc,ap) = 7r(p - 2, 0, u) ~ 7r(l, 0, 1). 



(h) i/val(ap) > I, thenIi{Vk,ap) = 'K{p-2,\,ujy'-m{p-2,X~^ ,ujf'- where X'^-{ap/p)\+l = 
0. 

If p + 3 < k < 2p and p / 2, then 

(a) i/val(ap) < 1, thenTi(yk,ap) = 7r{2p - k,0,uj''-^-P) ~ Tr{k - 1 -p,0, 1). 

(b) i/val(ap) = I, thenn{Vk,ap) = vr(A; - 3 - p. A, w)"" © 7r(2p - /c, A^S w'^-i-p)'^'^ where 
\ = {k-l)ap/p. _ 

(c) ifval{ap)>l, then Il{Vk,ap) = -^{k - 3 - p,0,Lu). 

In the remainder of this chapter, we will prove some of the formulas for V^^ap mod p which are 
predicted by the above theorem (via Coni ll().1.2|) . In particular, we will explain the proof of the 
following theorem: 

Theorem 10.1.4. (1) If k < p + 1, then Vk^ap mod p = ind(a;2"-^). 

(2) If k = p + 2 and val(ap) > 1 then 

Vk^ap mod p = unr(\/— 1)liJ © unr(— -v/— l)a;. 

(3) Ifp + 3<k<2p-l and val(ap) > 1 then Vk^ap mod p = ind(a;2"^). 

When Op = 0, one can explicitly describe Vkfi in terms of Lubin-Tate characters and so we can 
also describe Vkfl mod p for all k. When k < p, then the theory of Fontaine-Laffaille gives us 
an explicit description of Vk^a mod p regardless of the valuation of Op and the theorem is then 
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straightforward. Our method of proof for theorem IIU.1.41 is to show that once we fix k, then if 
we vary ap a little bit, Vk,ap mod p does not change. In order to do this, we compute the Wach 
module associated to Vk.ap as explicitly as possible. 

10.2. Lifting Dcri&(y). In this paragraph, we'll explain the general strategy for constructing the 
Wach module NiV) attached to a crystalline representation V if we are given the filtered (^-module 
-Ccris(^)- Recall from theorem 15.5. II in H5. 51 that N{y)/X ■ N(y) is a filtered (^-module isomorphic 
to Deris (^)- Furthermore, the functor V i-^ i?cris(^) is fully faithful, so if we can construct some 
Wach module such that N/X ■ N = DcTis{V), then we necessarily have N = N(y). 

Note that both the 99-module structure and the filtration on N/XN depend solely on the map 
ip : N ^ N and not at all on the action of Tq^. Furthermore, given an admissible filtered (^-module 
D, it is easy to construct a (/9-module over 0[[^]] such that N/XN = D. The problem then is 
that it is very hard in general to find an action of Fq^ which commutes with ip. 

Therefore, in order to construct the Wach module N(y) starting from Deris (^), one has to find 
a "lift" of (fi which is such that we can then define an action of Fq^ which will commute with that 
lift. I do not know of any systematic way of doing this in general. 

If Op = 0, then we can carry out this program easily enough and the resulting Wach module was 
given in ^5.11 when k = 2. Let us generalize it to arbitrary k > 2. The Wach module N{V^q) is 

of rank 2 over B^^ generated by ei and 62 with (/j(ei) = q^^^e2 and 97(62) = —e\. The action of 
7 G Fqp is given by: 



^^"^ V7(log+(l + X)),' 



k-l 



where 



, log-(l+X) , 
^^^^^='7(log-(l + X))) 



log+(l+X) = J]^^— -A^ and \og-{l + X) = W 

as previously. 



n>0 ^ n>0 ^ 



10.3. Continuity of the Wach module. One can also think about the above constructions in 
terms of matrices. Given a Wach module N , we can fix a basis and let P S M((i, ) be the matrix 
of Frobenius in that basis. The problem is then to construct an action of Fq^, that is for every 
7 G Fqp, we need to construct a matrix G G GL(d, Bq^) such that P^p{G) = G^{P). In practice we 
need do this only for a topological generator 7 of Fq^ (which is procyclic for p ^ 2). 

In this paragraph, we use this approach to show that if we know a Wach module and we 
"change" P slightly, then this defines another Wach module. More to the point, we have the 
following proposition: 

Proposition 10.3.1. Let N he a Wach module and let P and G he the matrices of and 7 G Fq^. 

Define a{r) = Vp{l - £(7)) • (1 - £(7)2) ... (1 - £(7)0- // Hq G M(d,p"('=-i)+^A+^) with G > 0, 
then there exists H G M.{d,p'-^A'^ ) such that if we set Q = (Id + H)P, then the ip-module defined 
by the matrix Q admits a commuting action of Fq^ . 

The proof of this rests on the following technical lemma: 
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Lemma 10.3.2. If N is a Wach module and if G ^ GL(d, A^^) is the matrix of ^ Fq^, and if 
Ho £ M((i,p°(''-^)+'^Aj^^) with C >0, then there exists H G M{d,p^ K'^^) such that: 

(1) H = Ho mod X. 

(2) {ld + H)-^G-i{ld + H) = G mod X^~^ . 

The idea of the proof of proposition 110. 3!T] is then that if P, G are the matrices of (p and 7 on A'^, 
then the lemma above and the fact that Pip{G) = GjiP) imply that G - (Id + H)Pip{G)'y{P{ld + 
H))~^ = mod X^~^ and one can then construct a matrix for 7 by successive approximations 
starting from G (see §3.1] for more details). 

The proof of lemma [10.3.21 is also by successive approximations and we sketch it below. 

Proof. If we write explicitly the condition (2) of the proposition, then we get: 

(Id+XGi + X^G2 + ■■■ h{Ho + XHi + ...) = {Ho + XHi + ■■■ )(Id+XGi + X^G2 + ■■■) 

and bearing in mind that 'y{X'^) = e{'yYX^ mod X"^^^, we can solve the above equation mod X^ 
in r successive steps. The first is to find Hi such that (1 — e{j))Hi = GiHo — HoGi so that 

Hi G M(d,p"('=^i)+^-^^'(i-^(T»A+^). 

The second is to find H2 such that (1 — e{'^)'^)H2 = (some Zp-linear combination of products of 
Go,Gi,G2, Ho, Hi) so that 

H2 G M(d,p°('=-i)+^-^^(i-^(^))-^''(i-^(^)')A+^). 
Eventually, we get Hq, ■ ■ ■ G M((i,p*^AQ,^) and we can then set H = Hq + XHi + • • • + 

We can then apply proposition I1U.3.T] to the matrices 

to get a Wach module A^fc^ap as soon as the valuation of ap is large enough, and a straightforward 
computation shows that Nk^ap/ XN^^ay is then isomorphic to Deris (V'^*^ )• 

An explicit computation of a{k — 1) and some refinements of the computations above specific to 
this case then give us the proof of theorem 110. 1.41 

Remark 10.3.3. To conclude, let us point out that using the description of HiV)* with {ip,T)- 
modules given in the previous lectures, we can prove that I]9{V)/p is of finite length in general and 
we can also prove conjecture \ 10.1.^ in many cases, including all the cases when T/pT is irreducible 
(forthcoming work). 
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